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Abstract

This report covers the basic concepts and theory of Bayesian Networks, which are
graphical models for reasoning under uncertainty. The graphical presentation makes
them very intuitive and easyto understand, and almost any person, with only limited
knowledge of Statistics, can for instance use them for decision analysis and planning.
This is one of many reasonsto why they are so interesting to study and use.

A Bayesiannetwork can be thought of asa compact and convenient way to represent
ajoint probability function over a nite setof variables. It contains a qualitative part,
which is a directed acyclic graph where the vertices represent the variables and the
edges the probabilistic relationships between the variables, and a quantitative part,
which is a setof conditional probability functions.

Before receiving new information (evidence), the Bayesian network representsour a
priori belief about the system that it models. Observing the state of one of more vari-
ables, the Bayesian network can then be updated to representour a posteriori belief
about the system. This report shows a technique how to update the variables in a
Bayesiannetwork. The technique rst compiles the model into a secondary structure
called ajunction treerepresentingjoint distributions over non-disjoint setsof variables.
The new evidence is inserted, and then a messagepassing technique updates the joint
distributions and makes them consistent. Finally, using marginalization, the distribu-
tions for eachvariable can be calculated. The underlying theory for this method is also
given.

All necessaryalgorithms for implementing a basic Bayesian network application are
presentedalong with comments on how to representBayesiannetworks on a computer
system. For validation of thesealgorithms a Bayesiannetwork application in Javawas
implemented.

Keywords: Bayesian networks, belief networks, junction tree algorithm, probabilistic
inference,probability propagation, reasoning under uncertainty.
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Introduction

This Master's Thesis covers the basic conceptsand theory of Bayesiannetworks along
with an overview on how they can be designed and implemented on a computer sys-
tem. The projectalso included an implementation of a software tool for representing
Bayesiannetworks and doing inferenceon them. The tool is referred to as

In the expert system area the need to coordinate uncertain knowledge has become
more and more important. Bayesiannetworks, also called Bayes'nets, belief networks
or probability networks. Sincethey were rst developed in the late 1970's [Pea97
Bayesian networks have during the late 1980'sand all of the 1990'semerged to be-
come a general representation schemefor uncertainty knowledge. Bayesiannetworks
have beensuccessfully used in for instance medical applications (diagnosis) and in op-
erating systems (fault detection) [Jen94.

A Bayesnet is a compact and convenient representation of a joint distribution over a
nite setof random variables. It contains a qualitativepart and a quantitativepart. The
qualitativepart, which is a dir ected acyclic graph (DAG), describesthe structure of the
network. Eachvertex in the graph representsarandom variable and the dir ected edges
represent (in some sense)informational or causal dependenciesamong the variables.
The quantitativepart describesthe strength of theserelations, using conditional proba-
bilities.

When one or more random variables are observed, the new information propagatesin
the network and updates our belief about the non-observed variables. There are many
propagation techniques developed [Pea97 Jen94§. In this report, the popular junction-
treepropagation algorithm was used. The unique charactersof this method are that it
usesa secondary structur e for making inferenceand it is also quite fast. The update of
the Bayesiannetwork, i.e. the update of our belief in which statesthe variables are in,
is performed by an inferenceenginewhich has a set of algorithms that operates on the
secondary structure.

Bayesiannetworks are not primarily designed for solving classi cation problems, but
to explain the relationships between observations [Rip96]. In occasionswhere the
decision patterns are complex BNs are good in explaining why something occurred,
e.g. explaining which of the variables that did changein order to reach the current
state of some other variable(s) [Rip96]. It is possible to learn the conditional proba-
bilities, which describesthe relation between the variables in the network, from data
[RS98,Hec95]. Even the entire structur e can be learned from data that is fully given or
contains missing data values [Hec95, Pea97,RS97].

This report is written to be aself-contained intr oduction covering the theory of Bayesian
networks, and also the basic operations for making inferencewhen new observations
are included. The majority of the algorithms are from [HD94]. The application devel-
oped is making use of all the algorithms and functions described in this report. All

Bayesian-network gur esfound in this report are (automatically) generated by

Also, some problems that will arise during the design and implementation phase are
discussedand suggestionson how to overcome these problems are given.
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Purpose

One of the reseach projects at the department concerns computational statistics and
we felt that there was big potential for using Bayesian network. There are two main
reasonsfor this project and report. Firstly, the project was designed to give an intr o-
duction into the eld of Bayesiannetworks. Secondly, the resulting report should be a
self-contained tutorial that canbe used by others that have no or little experiencein the
eld.

Method

Before the project started, neither my supervisor nor | was familiar with the concept
of Bayesian networks. For this reason,it was hard for us to actually come up with a
problem that was surely reasonablein size, time and dif culty and still wide enough
to cover the main conceptsof Bayesnets. Having a background in Computer Science)|
though it would be a greatidea to implement a simple Bayesiannetwork application.
This approach offers a deep insight in the subjectand also some knowledge about the
real-life problems that exist. After some literatur e studies and time estimations, we
decided to use the development of an application asthe main method for discovering
the eld of Bayesiannetworks. The design of the tool is objectoriented and it is written
in 100%-Java.

Outline of report

In chapter 1,two simple examplesare given to show what Bayesiannetworks are about.
This section also includes calculations showing how propagation of new information
is performed.

In chapter 2, all graph theory needed to understand the Bayesian network structure
and the algorithms are presented. Except for the intr oduction of someimportant nota-
tions the reader familiar with graph theory can skip this section.

In chapter 3, a graphical model called Markov network is de ned. Markov networks
are not as powerful as Bayesian networks, but becausethey carry Markov proper-
ties, the calculations are simple and straightforwar d. Along with de ning Markov
networks, the concept of conditional independence is de ned. Markov networks are
interesting since they carry the basics of the Bayesian networks and also becausethe
secondary structur e used to update the Bayesnet can be seenas a multidimensional
Markov tree,which is a special caseof a Markov network.

In chapter 4, the different ways information can propagate through the network are
described. This section does not cover propagation in the secondary structure (which
is done in chapter 5), but in the Bayesiannetwork. There are basically three dif ferent
types of connections between variables; serial, diver ging and converging. Eachconnec-
tion hasits own propagation properties, which are described both formally and using
the examplesgiven in chapter one.



In chapter 5, the algorithms for junction-tr ee propagation are described step by step.
The algorithm to createthe important secondary structure from the Bayesian network
structure is thoroughly explained. This chapter should also be very helpful to those
who want to implement their own Bayesiannetworks system. The initialization of this
secondary structure is described. Parallel with the algorithm described, a Bayesian
network model is also used asan example on which all algorithms are carried out and
explicitly explained. In addition, ways to keep it consistent are shown. Finally, there
are methods showing how to intr oduce observations and how they are updating the
quantitative part of the network and our belief about the non-observed variables. The
chapter ends by illustration different scenariosusing the network model.

In chapter 6, an interesting example wher e Bayesiannetworks outperformed predicate
logic and normal probability models is presented.lt is included to convince the reader
that Bayesiannetworks are useful and encourageto further readings.

In chapter 7, suggestions of what stepsto take next after learning the basicsof Bayes
nets are given, along with this further suggestedreadings.

In appendix A, adiscussion how multi-way arrays canbeimplemented on a computer
system canbefound. Multi-way arrays are the foundation for probability distributions
and potentials. Also, implementation comments on potential and conditional proba-
bility functions are given.

In appendix B, the le format used by to load and save Bayesiannetworks to the
le systemare described. The le systemis called the XML Belief Network File Format
(XBN) and is basedon markup language XML.

In appendix C, some of the Bayesian networks used in the report are given in XBN
format.

In appendix D, asimple self-de ned ad hoc script language for the tools is shown
by some examples. There is no formal language speci ed and for this reasonthis sec-
tion is included for those who are curious to seehow to use



Acknowledgments

During the year 1996/97 | was studying at University of California, SantaBarbara,and
there | also met Peter Kércher who at the time was in the Computer ScienceDepart-
ment. One late night during one of the many international student parties, he intro-
duced the Bayesian networks to me. After that we discussed it just occasionally, but
when | returned to Sweden | got more and more interested in the subject. This work
would not have beendone if Peter never brought up the subjectat that party.

Also thanks to all people at my department helping me out when | got stuck in “un-
solvable” problems, especially Professor Bjérn Holmquist that gave me valuable sug-
gestions how to implement multidimensional arrays. | also want to thank Lars Levin
and Catarina Rippe for their support. Thanks to Martin Depken and Associate Pro-
fessor Anders Holtsberg for interesting discussions and for reviewing the report. Of
course, also thanks to ProfessorJanHolst for initiating and supervising this project.

Thanks to the Uncertainty in Articial Intelligence Society for the travel grant that

made it possible for me to attend the UAI'99 Conferencein Stockholm. Thanks also
to my department for sending me there.

10



Chapter 1

Introductory Examples

This chapter will presenttwo examples of Bayesiannetworks, where the rst one will
bereturned to severaltimes throughout this report. The secondexample complements
the rst one and will alsobe used later on.

The examples will intr oduce concepts such as evidence or observations, algorithms
updating the distribution of some variables given evidence, i.e. to calculate the condi-
tional probabilities. This to give anidea how complex everything canbe when we have
hundr eds or thousands of variables with internal dependencies. Fortunately, there ex-
ist algorithms that can easily be run on a computer system.

1.1 Will Holmes arrive before lunch?

This example is dir ectly adopted from [Jen9g and is implemented in

The story behind this example starts by police inspector Smith waiting for Mr Holmes
and Dr Watson to arrive. They are already late and Inspector Smith is soon to have
lunch. It is wintertime and he is wondering if the roads might be icy. If they are, he
thinks, then Dr Watson or Mr Holmes may have been crashing with their cars since
they are so bad drivers.

A few minutes later, his sectetary tells him that Dr Watson has had a car accident and
dir ectly he draws the conclusion that “The roads must beicy!”.

-“Since Holmes is such a bad driver he has probably also crashed his car”, Inspector
Smith, says.“I'll go for lunch now.”

-“Icy roads?” the secretary replies, “It is far from being that cold, and furthermor e all
the roads are salted.”

-*OK, | give Mr Holmes another ten minutes. Then I'll go for lunch.”, the inspector
says.

The reasoning schemefor Inspector Smith can be formalized by a Bayesian network,

see gur e 1.1. This network contains the threevariables ey, Homes@Nd watson Each
is having two states;yesand no. If the roads are icy the variable |, is equal to yes
otherwise it is equal to no. When \wason  YeSit means that Dr Watson has had an
accident. Sameholds for the variable ,mes Before observing anything, Inspector
Smiths beliefs about the roads to be icy or not is described by Iy Ye€s

1



lcy

Figure 1.1: The Bayesian network “Icy Roads” contains three variables |y, watson
and Holmes

and lcy no . The probability that Watson or Holmes has crashed de-

pends on the road conditions. If the roads are icy, the inspector estimatesthe risk for

Mr Holmes or Dr Watson to crashto be 0.80. If the roads are non-icy, this risk is de-

creasedto 0.10. More formally, we have that Watson lcy  Y€S and
watson Icy NO and the samefor Holmes Icy -

How do we calculate the probability that Mr Holmes or Dr Watson has been crash-
ing without observing the road conditions? Using Dr Watson as an example, we rst

calculate the joint probability distribution Watson Icy aS
Watson Icy YES lcy Ye€s
watson Icy NO lcy NO
From this we canmarginalize ¢y out of the joint probability. We get that Watson

. One will getthe samedistribution for the belief
about Dr Holmes having a car crash or not. This is Inspector Smiths prior beliefabout
the road conditions, and his belief in Holmes or Watson having an accident. It is graph-
ically presentedin gur e 1.2.

Watson

YeS 0.590
NO e 0.410

Figure 1.2: The a priori distribution of the network “Ilcy Roads”. Before observing
anything the probability for the roadsto beicy is lcy Yes . The probability
that Watson or Holmes hascrashedis Watson YES Holmes Y€S

When the inspector is told that Watson has had an accident, he instantiatesthe variable
watson t0 be equal to yes The information about Watson's crash changeshis beliefs

about the road conditions and whether Holmes has crashed or not. In gur e 1.3the

instantiated (observed) variable is double-framed and shaded gray and its distribution
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is xed to one value (ye9. The posterior probability for icy roads is calculated using
Bayes'rule

watson YE€S ¢y Icy

Icy Watson yes
Watson  Y€S

The a posteriori probability that Mr Holmes also has had an accident is calculated by
marginalizing ¢y out of the (conditional) joint distribution Holmes Icy Watson
yes which is now

Holmes Icy YE€S watson YES
Holmes Icy MO watson Y€S

We get that Holmes Y€S watson Y€S

[%Y%

YeS mumm— 0.949
no s 0.050

a N

Holmes

YeS mmmmmmm  0.764
no wm 0.235

Watson

YES mumm— 1.000
no 0.0001

\

Figure 1.3: The a posteriori distribution of the network “Icy Roads” after observing
that Watson had a car accident. Instantiated (observed) variables are double-framed
and shaded gray. The new distributions becomes iy YES watson Y€S

and Holmes Y€S watson Y€S

Justas he drew the conclusion that the roads must be icy, his secretary told him that
the roads are indeed not icy. In this very moment Inspector Smith once again receives
evidence. In the Bayesiannetwork found in gur e 1.4,there are now two instantiated
variables; Watson  Y€S and Iy NO . The only non- xed variable is

HoimesWhich will have its distribution updated. The probability that Mr Holmes also
had an accident is now one out of ten, since Holmes Y€S Iy NO . The
inspector waits another minute or two before leaving for lunch. Note that, the knowl-
edge about Dr Watson's accident does not affect the belief about Mr Holmes having a
accidentif we know the road conditions. Wesaythat ¢, separated jmes@Nd  watson
if it is instantiated (known). This will be discussedfurther in section4.2and 3.2.1.

In this example we have seenhow new information (evidencgis inserted into a Bayes
net and how this information is used to update the distribution of the unobserved
variables. Even though it is not exempli ed, it is reasonableto say that the order in
which evidence arrives doesnot in uence our nal belief about having Holmes arrive
before lunch or not. Sometimesthis is not the casethough. It might happen that the
order in which we receive the evidences affects our nal belief about the world, but

13



lcy

yes 0.000
N0 e— 1,000)

N

Holmes 1 )
yes m 0.099 Watson
NO e 0.900 YES mummmm—1.000
no O.UOOJ

\

Figure 1.4: The posteriori distribution of the network “lcy Roads” after observing both
that Watson has had a car accident and the roads are not icy. The probability that
Holmeshad a car crashtoo is now lowered to

that is beyond this report. For this example, we also understand that after observing
that the roads are icy, our initial observation that Watson has crashed does not change
(of course), and that it does not even effect our belief about Holmes. This is a simple
example of a property called d-separationwhich will discussedfurther in chapter 4.

1.2 Inheritance of eye colors

The way in which eye colors are inherited is well known. A simplied example can
be generated if we assumethat there exist only two eye colors; blueand brown. In this
example, the eye color of person is fully determined by the two allelestogether called
the genotypeof the person. One allele comesfrom the mother and one comesfrom the
father. Eachallele canbe of type b or B, which are coding for blue eye colors and brown
eye colors, respectively!. Therearefour different ways the two alleles canbe combined,
seetable 1.1.

L [ b[B]
b || bb | bB
B |[Bb | BB

Table 1.1: Rules for inheritance of eye colors. B representsthe allele coding for brown
and b the one coding for blue. It is only the bb-genotype the codesfor blue eyes,all
other combinations code for brown eyessince B is adominant allele.

What if a person has one allele of eachtype? Will she have one blue and one brown
eye?No, in this example we de ne the B-allele to be dominant i.e. if the person has at
least one B-allele her eyeswill be brown. From this we conclude that, a person with
blue eyescan only have the genotype bb and a person with brown eyescan have one
of threedifferent genotypes; bB, Bb, and BB, where the two former are identical. This
is the reasonwhy two parents with blue eyescan not get children with brown eyes.
This is an approximation of how it works in real life, where things are a little bit more
complicated. However this is roughly how it works.

1The eye color is said to be the phenotypand is determined by the corresponding genotype.

14



In gur el.5,afamily is presented. Starting from the bottom we have an offspring with
blue eyescarrying the genotype bh Above in the gur e,is her mother and father, and

her grandparents.

Figure 1.5: Example of how eye colors are inherited. This family contains of three
generations; grandpar ents, parents and their offspring.

Considering that the genotypes bB and Bb are identical, then we can say that there
existsthree (instead of four) dif ferent genotypes (states);bh bB and BB. Sincethe child
will get one allele from eachparent and eachallele is chosenout of two by equal prob-

ability ( ), we can calculate the conditional probability distribution of the child's
genotype; child mother father » S€€table 1.2.
‘ mother  father H bb ‘ bB ‘ BB
bb
bB
BB

Table 1.2: The conditional probability distribution of the child's genotype

child mother father -

Using this table we can calculate the a priori distribution for the genotypes of a fam-
ily consisting of a mother, father and one child. In gur e 1.6the Bayesiannetwork is
presented. The distributions are very intuitive and it is natural that our belief about
different person's eye colors phenotypes or genotypes should be equally distributed if
we know nothing about the persons. In this case,not even the information that they
belong to the samefamily will give us any useful information.

Consider another family. Two brown eyed parents with genotypes BB and bB, respec-
tively ( mother BBand mer bB), are expecting a child. What eye colors will it
have? According to table 1.2, the probability distribution function for the expected
genotype will be , 1.e. the child will have brown eyes. Using the inference
enginein we will get exactly the sameresult. Seegur e1.7.

15



Mother Father

Figure 1.6: The Bayes' net “EyeColors” contains three variables  pother  father @nd
child-

Figure 1.7: What eye colors the child getif the mother is BB and the father is bB? Our
belief, after observing the genotypes of the parents, is that the child get the genotypes
bB or BB with achanceof fty-fty ,i.e.in any caseit will getbrown eyes.

But, what if we only know the eye colors of the parents and not the speci ¢ genotype,
what happens then? This is a caseof softevidencei.e. it is actually not an instantiation
(observation) by de nition, since we do not know the exact state of the variable. Soft
evidence will not be covered in this report, but it will be exemplied here. Peoplewith
brown eyescan have either genotype bB or BB. If we make the assumption the allele b
and B are equally probable to exists (similar chemical and physical structure etc.),it is
also reasonableto say that the genotype of a brown eyed personis bB in - of the cases
and BB in -:

bB brown -

b B —
allele allele BB brown B

Theseassumptions are made about the world befoe observingt and are called the prior
knowledge Entering this knowledge into a Bayesiannetwork software we get that the
belief that the child will have blue eyesis 0.11. See gur e1.8.

How canwe calculate this by hand? We know that the expecting couple can have four
different genotype pairs (bBbB), (bB,BB), (BB,bB) or (BB,BB). The probability for the
genotype pairs to occur are -, -, - and -, respectively. The distribution of our belief of
the child's eye colors will then become

16



a N a N
Mother Father
bb bb

bB  m— bB  —
L BB mmm ) L BB m=m )

Figure 1.8: What color of the eyeswill the child getif all we know is that both parents
have brown eyes,i.e. mother brown iyner  brown (soft evidence)? Our belief that

the child will get brown eyesis 0.89,i.e. chig  brown

chid mother DIOWN  faner  brown

- child  mother bB father bB - child  mother bB father BB

- child  mother BB father bB - child  mother BB father BB

From this we conclude that the child will have blue eyeswith a probability of -.

The child is born and it got blue eyes( chig  blug. How does this new information
(hardevidencechange our knowledge about the world (genotypes of the parents)? We
know from before that a blue eyed person must have the genotype bh i.e. its parents
must have at least one b-allele each. We also knew that the parents were brown eyed,
i.e. they had either bB or BB genotypes. All this together infers that both parents must
be bB-types, see gur e 1.9.

a N a N
Mother Father
bb bb
bB bB e—
L BB ) L BB )
Child
bb e—
bB
\ e )

Figure 1.9: The observation that the child has blue eyes( g  blué, updates our
previous knowledge about the brown-eyed parents ( mother DrOWN  iaher  brown).
Now we know that both must have genotype bB.

This example showed how physical knowledge could be used to construct a Bayesian
network. Sincewe know how eye colors are inherited, we could easily createa Bayesian
network that representsour knowledge about the inheritance rules.

17



Chapter 2

Graph Theory

A Bayesiannetwork is a dir ected acyclic graph (DAG). A DAG, together with all other
terminology found in the graph theory are de ned in this section. Those who know
graph theory can most certainly skip this chapter. The notation and terminology used
in this report are mainly a mixtur e taken from [Lau96] and [Rip96].

2.1 Graphs

A graph consists of a set of vertices , and a set of edges Ln

this report, a vertex is denoted with lower caseletters; , ,and , , etc. Eachedge
is an ordered pair of vertices where . An undirectededge has

both and . A directededge is obtained when and

. If all edgesin the graph are undir ected we say that the graph in undirected
A graph containing only dir ected edgesis called a directedgraph. When referring to a
graph with both dir ectedand undir ected edgeswe usethe notation semi-diectedyraph.
Self-loops,which are edgesfrom avertex to itself, are not possiblein undir ectedgraphs
becausethen the graph is de ned to be (semi-) dir ected.

If there exists an edge , Iis saidto beaparentof ,and achild of . Wealso
say that the edge leavesvertex and entersvertex . The set of parents of a vertex
is denoted pa and the set of children is denoted ch . If there is an ordered or
unordered pair , and aresaid to be adjacentor neighborsotherwise they
are non-adjacent The set of neighbors of is denoted asne . The family, fa , of a
vertex is the setof vertices containing the vertex itself and its parents. We have

pa
ch
ne
fa pa

The adjacent (neighbor) relation is symmetric in an undir ected graph.

In someliteratur e nodesand arcsare used as synonyms for vertices and edges,respectively.

18



In gur e2.1,asemi-directed graph with vertex set and edge

set is presented.
Consider vertex . Its parent setis pa and its child setis empty; ch

The neighbors of are ne . Moving the focus to vertex , we seethat its
parents setis empty, but its child setis ch andne is

@—)
—©®

Figure 2.1: A simple graph with both dir ected and undir ected edges.

2.1.1 Pathsand cycles

A pathof length from avertex to avertex is asequence of vertices
such that and , and for all . The vertex is
said to bereachablfom via , if there existsapath from to . Both directedand
undir ected graphs can have paths. A simplepath is a path where all
vertices are distinct, i.e. for all

A cycleis a path (with ) where . A self-loop is the short-

estcycle possible. In an undir ected graph, a cycle must also conform to the fact that all
vertices are distinct. As an example, some of the cyclesin gur e2.2are ,
and . Thereis no cycle containing vertex

2.1.2 Common structures

A directed (undir ected) treeis a connected and directed (undir ected) graph without
cycles. In other words, undir ecting a graph, it is a treeif between any two vertices a
uniquepath exists. A setof treesis called a forest

A directedacyclicgraphis a directed graph without any cycles. If the direction of all
edgesin a DAG are removed and the resulting graph becomesa tree,then the DAG is
said to be singly connected Singly connected graphs are important speci ¢ caseswhere
there is no more than one undir ected path connecting eachpair of vertices.

If, in a DAG, edgesbetween all parents with a common child are added (the parents
are married and then the dir ections of all other edgesare removed, the resulting graph
is called a moralgraph Using Pearls notation, we call the parents of the children of a
vertex the matesof that vertex.
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DEFINITION 1 (TRIANGULATED GRAPH)
A triangulated graph is an undir ected graph where cycles of length three or more al-
ways have a chord. A chord is an edge joining two non-consecutive vertices.

2.1.3 Clusters and cliques

A clusteris simply asubsetof verticesin agraph. If all verticesin agraph are neighbors
with eachother, i.e. there exists an edge or for , then the graph is
said to be completeA cliqueis a maximal setof vertices that are all pairwise connected,
i.e. amaximal subgraph that is complete. In this report, a cluster or a clique is denoted

with upper caseletters; , , etc. The graph in gur e 2.1hasone clique with more
than two vertices, namely the clique . There is also one clique with only
two vertices; . Note that for instance is not a clique, sinceit is not

a maximalcomplete set.

De ne the boundaryof a cluster, bd , to be the set of vertices in the graph  such
that they arenot in , but they have a neighbor or achild in . The closueof a cluster,
cl , Is the set containing the cluster itself and its boundary. We also de ne parents,
childr en and neighbors in the caseof clusters.pa ,ch ,ne ,bd andcl are
formally de ned as

pa pa
ch ch
ne ne

bd pa ne
cl bd

$-—

Figure 2.2: Example of neighbor setand the boundary setof clusters in an undir ected
graph. The neighbor and boundary setof are both

Consider the graph in gur e 2.2. Note that there exists no parents or children in this
graph sinceits undir ected. Neighbors and boundary vertices exist, though. Let be
the set . The neighbor setof isne and the boundary is of course
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the samesince we are dealing with an undir ected graph. The cliques in this graph are
(in order of number of vertices):
and

DEFINITION 2 (SEPARATOR SETS)

Given threeclusters , and ,we saythat separates and in if every path
from any vertex in  to any vertex in  goesthrough . s called a separator setor
shorter sepset

In left graph of gur e 2.3, vertex and are separated by vertex . Vertex does
also separate cluster and . In the right graph, the cliques and
are separated by any of the three clusters , , and

Figure 2.3: Left: Vertex separatesvertex and vertex . It is also the casethat vertex
separatesthe clusters and . Right: The clusters
, and do all separatethe cliques and
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Chapter 3

Markov Networks and Markov Trees

Before exploring the theory of Bayesian networks, this chapter intr oduces a simpler
kind of graphical models, namely the Markov trees. Markov treesare a special case
of Markov networks and they have properties that make calculations straightforwar d.
The main drawback of the Markov treesis that they can not model ascomplex systems
as can be modeled using Bayesnets. Still they are interesting since they carry the ba-
sics of the Bayesian networks. Also, the secondary structure into which the junction
tree algorithm (seechapter 5) is converting the belief network can be seenas a mul-
tidimensional Markov tree. One reasonwhy the calculations on a Markov treeare so
straightforwar d is that a Markov networks has special properties which are based on
the de nition of independence between variables. Theseproperties are called Markov
properties. A Bayesiannetwork doesnormally not carry these properties.

3.1 Overview

3.1.1 Markov networks

A Markov network is an undir ected graph with the vertices representing random vari-
ables and the edges representing dependencies between variables they connects. In
gur e 3.1, an example of a Markov network is given. The vertex labeled represent
the random variable and similar for the other vertices. In this report variables are
denoted with capital letters; , and

Figure 3.1: An example of aMarkov network with four vertices representing
the four variables
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3.1.2 Markov trees

A Markov treeis a Markov network with treestructure. A Markov chain is a special
caseof a Markov treewhere the treedoes not have any branches.

A rooted (or directed) Markov tree can be constructed from a Markov tree by select-
ing any vertex as the rootand then direct all edges outwar ds from the root. To each
edge, pa , a conditional probability is assigned; pa - In the sameway
aswe do calculations on a Markov chain, we cando calculations on a Markov tree.The
methods for the calculations proceedtowards or outwar ds from the root. The distri-
bution of a variable in arooted Markov treeis fully given by its parent ,, ,i.e.

pa - With this notation, the joint distribution for all variables
can be calculated as

pa (3.1)

where pa if istheroot.

(2)
O ONNO
& O ©

Figure 3.2: An example of a directed Markov tree constructed from an undir ected
Markov tree.In this casevertex was selectedto be the root vertex.

Consider the graph in gur e 3.2. The joint probability distribution over s

From this one can seethat the Markov treeoffers a compact way of representing a joint
distribution. If all variables in the graph have ten stateseach, the state space of the
joint distribution will have states. If one staterequiresone byte (optimistic though)
the joint distribution would require 10Mb of memory. The corresponding Markov tree
would require much lesssince eachconditional distribution has

statesand only hasten. We get stateswhich requires610bytes
of memory. This is one of the motivations for using graphical models.

3.1.3 Bayesian networks

Bayesiannetworks are dir ectedacyclic graphs (DAGs)! in which vertices, asfor Markov

1This property is very important in the concept of Bayesiannetworks, since cycleswill induce redun-
dancy, which is very hard to deal with.
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networks, representuncertain variablesand the edges between the vertices represent
probabilistic interactions between the corresponding variables. In this report the wor ds
variable and vertices are used interchangeable. A Bayesiannetwork is parameterized
(quanti ed) by giving, for eachvariable , aconditional probability given its parents,

pa - If the variable does not have any parents, a prior probability is
given.

Doing probability calculations on Bayesian networks are far from as easy asit is on
Markov trees. The main reasonfor this is the tree structure that Bayesnets normally
do not have. Information can be passedin both directions of an edge (seeexamples
in chapter 1), which meansthat information in a Bayesiannetwork can be propagated
in cycleswhich is hard to deal with. Fortunately, there are some clever methods that
handle this problem, see gur e 3.3. One such method is the junction tree algorithm
discussedin chapter 5.

() (2)
clever

0 G alggithm @

(¢ (@)

Figure 3.3: A clever algorithm to convert a Bayesiannetwork into a Markov tree with
multi-dimensional variables would help us get around the problem with cycles.

The theory of Markov treesis not restricted to one-dimensional variables, but multi-
dimensional variables can also be used and represented by the vertices. This means
that if we can build a Markov treewhere eachvertex is a cluster of variables, which
then has a joint distribution, we caninstead do the inferenceon the new Markov tree.
This is exactly what used by the junction treealgorithm (seechapter 5); by clustering
variables in a special way we can create a structure on which we easily can do condi-
tional probability calculations.

3.2 Theory behind Markov networks

3.2.1 Conditional independence

DEFINITION 3 (CONDITIONAL INDEPENDENT VARIABLES)
Given threediscrete variables , and ,we saythat is conditionally independent
of given if

This property is written as
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and it follows dir ectly from the de nition that

Note that can be the empty set. In that casewe have which is equivalent
with . Two special casesare of interestfor further reading and discussion. For
any discrete variable it holds that:

is alwaystrue (3.2)
isonlytrueiff isaconstantvariable (3.3)

Theseresults are very intuitive, and a proof will not be given. Later in this section sim-
ilar results ((3.4)and (3.5)),but also more general, are presentedand prooven.

We extend this formulation to cover setsof variables. First, in the sameway asthe vari-

ablerepresentedby vertex isdenoted ,the multidimensional variable represented
by the cluster is denoted

DEFINITION 4 (CONDITIONAL INDEPENDENT CLUSTERS)

Given threeclusters , and and their associateddiscrete variables , and
, We say that is conditionally independent of given , If
for all  such that . This property is written as

and obviously

We can show that for any discrete variable , the following is valid:

is alwaystrue (3.4)
isonlytrueiff isaconstantvariable (3.5)

PROOF (i) is equivalent with the statement
. When
the expressionis equal to and otherwise . Hence, (i)

is proven. (ii) is equivalent with the statement
for all . In the

special casewhen we have that
This tells us that or
, which is the sameassaying that is aconstant. It is trivial that when

is a constant, also holds. Hence, (ii) is proven.
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DEFINITION 5 (INDEPENDENT MAP OF DISTRIBUTION)
A undir ectedgraph is said to be an I-map (independent map) of the distribution if
holds for any clusters and with separator

Note that all complete graphs are actually I-maps since there exist no separators at all
which implies that all clusters are independent given its separators.

3.2.2 Markov properties

DEFINITION 6 (MARKOV PROPERTIES)

The Markov properties for a probability distribution with respectto agraph are
Global Markov —for any disjoint clusters , and suchthat is aseparator
between and it is true that is independent of given ,l.e.

s.t. separates and

Local Markov - the conditional distribution of any variable given
depends only on the boundary of , i.e.

cl bd

Pairwise Markov - for all pair or vertices and such that there is no edge
between them, the variables and  are conditionally independent given all
other variables, i.e.

S.t.

To say that a graph is global Markov is the same as saying that the graph is an I-map,
and vice versa.

THEOREM 1 (ORDER OF THE MARKOV PROPERTIES)
Theinternal relationbetweerthe Markov propertiess

PROOF For a proof, see[Lau96]

An example where the local property holds but not the global is adopted from [Rip96].
This is the casefor the graph found in gur e 3.4if we put the samenon-constant vari-
able at all four vertices;
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Figure 3.4: This graph has local, but not global Markov property, if all vertices are
assignedthe same (non-constant) variable.

Sincethe boundary of any of the vertices in the graph is a single vertex and all vertices

have the samevariable , 4 isequalto for all . The closure of and
are equal; . Similarly, . Further, we have that
and . Now, since , the

local Markov property

cl bd

can be written as where denotesthe collection of variables over
any pair of vertices in the graph. From (3.2)we get that this is always true. Hence, we
have shown that the local Markov property holds for the graph. The global Markov
property does not hold, though. and is separated by , but from (3.3) we get
that is false since and is a non-constant random variable.
An example adopted from [Lau96] presentsa casewhere the graph has pairwise but
not local Markov properties. Consider the graph in gur e 3.5.

® ©O——~0

Figure 3.5: This graph has pairwise, but not local Markov property, if all vertices are
assignedthe same (non-constant) variable.

Let and put for instance -. Wenow have
a casewhen the pairwise Markov property holds but not the local. There are only two
pairs of vertices such that there is no edge between them, namely and . We
have that . The latter is always true, according to (3.2). The
same holds for the pair . Hence, the graph is pairwise Markov. But from (3.5)we
have that ol bd is not true. Hence, the graph is not
local Markov .

The lasttwo examplesare ata rst glance quite strange. Why construct a model where
the graph does not re ect the dependency between the variables and vice verse? The
reasonfor this is to show that inconsistent models canexist. Given a Bayesiannetwork
we can not be sure that it has global or even local Markov properties. But, to be able
to do inferenceon our network it would be nice if it is global Markov. The junction
tree algorithm proposed by the ODIN group at Aalborg University [Jen9g§ makes in-
ferenceby rst transforming the Bayesian network into a graph structure which has
global Markov properties. There are also some more restrictions on the junction tree.
In chapter 5, junction treeswill be discussedfurther.

The following statementis important and it comesoriginally from [Mat92]. As we will
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seein chapter 5, it is one of the foundations of the junction treealgorithm.

THEOREM 2 (MARKOV PROPERTIES EQUIVALENCE)
All threeMarkov propertiesare equivalentor any distribution if andonly if everysubgraphon
threeverticescontainstwo or threeedges.

PROOF See[Rip96].

The following two theorems are important and are taken from [Rip96]. They are of-
ten attributed to Hammersley & Clifford in 1971,but were unpublished for over two
decades,see[Cli90].

THEOREM 3 (EXISTENCE OF A POTENTIAL REPRESENTATION)

Let us saywe havea collectionof discieterandomvariableswith distribution function :
de nedontheverticesofagraph . Then,giventhat thejoint distribution is strictly
positive the pairwiseMarkov propertyimpliesthat there are positivefunctions  , suchthat

(3.6)
where isthesetofcliquesofthegraph.(3.6)is calleda potential representation.
The functions are not uniquely determined [Lau96].
DEFINITION 7 (FACTORIZATION OF A PROBABILITY DISTRIBUTION)
A distribution function on is said to factorize according to if there
exists a potential representation (see3.6). If factorizes, we say that has prop-

erty

Comparing (3.1)with (3.6),it is easily found that former equation actually describesa
potential representation of the distribution

THEOREM 4 (POTENTIALS IMPLIES GLOBAL MARKOV)
Thepotentialrepesentation(3.6) impliesthe globalMarkov propertyfor any distribution;

PROOF For a proof of thesetwo theorems see[Rip96].

What THEOREM 3 saysis that , sothe cycleis closed. We can conclude that
the following theorem holds.
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THEOREM 5 (POTENTIALS ISEQUAL TO MARKOV PROPERTIES)
Forany undirectedyraph andany probability distribution on it holdsthat

In this chapter we have de ned Markov properties and Markov trees.The last theorem
summarizes the chapter by saying that if the probability distribution with respectto a
graph that has Markov properties it also has a potential representation, and vice versa.

In chapter 5 we will show that the secondary structure (a junction tree), into which

the Bayesian network is transformed, has such properties that there always exists a
potential representation.
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Chapter 4

Propagation of Information

4.1 Introduction

Before observing anything, the Bayesiannetwork representsour prior belief about the
world. When we later receive new information we are said to have a posteriorbelief
about the world. This beliefupdateis performed by well-de ned knowledge propaga-
tion rules. In this chapter, these rules are presented and discussed. Once again, but
now in the context of evidence and ow of information, the concept of independence
between variables are discussed. How the actual computation is done is given in chap-
ter 5.

4.2 Connectivity and information ow

4.2.1 Evidence

Evidencgsometimes called nding) on a variable is a statement of the certainties of its
states. If the evidence tells us exactly which state the variable is in, it is called hard
evidence (or instantiation) and we say that the variable is instantiated In all gur es
in this report, instantiated variables are double-framed and colored gray. Evidence
that are not hard are called softevidence. An example of soft evidence on a variable

is when one of its descendantshas received (hard or soft) evidence, see gur e 4.4,
Variablesthat have receivedsoft evidence have vertices that are also double-framed but
they are now dashed. The vertices are also colored with a somewhat lighter version of

gray.

4.2.2 Connections and propagation rules

A serialconnectionin a belief network is a directed subgraph

such that and . The connection can also
be written as . In gur e 4.1, an example of a serial connection is given.
A connection that is serial has the property that, if we receive evidence about , it
will update our knowledge about , which then in turn will update our knowledge
about . This propagation of information is done by maminalization Similar, if we
receive evidence about , it will, through Bayes'Rule update our knowledge about

and continue on to (seeleft graph). If is instantiated all information will be
blockedat , e.g.new information about  will notreach ,since is determined.
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Figure 4.1: Serial connection. A vertex colored gray is an instantiatedvariable. Non-
instantiated variables are white. In a serial connection the information
cannot pass if it is instantiated.

The sameis valid if we receiveevidenceabout . Our knowledge about  will not be
changed (seeright graph). Concluding, aserial connection hasthe property

Consider the serialrelation  grandmother ~ mother  child that existsin our example of eye
colors given in section 1.2. If we know the genotype of the oiher l€L US SAY DB, then
observing the genotype of the  grandmother €9 grandmother BB Will not change our
belief about what genotype the hiig has. The samereasoningis valid in the opposite
dir ection.

Figure 4.2: Diverging connection. In a diver ging connection the informa-
tion cannot pass  if it is instantiated.

A diverging connectionin a Bayesian network is a directed subgraph
such that and . Shortly, it can be
written . Seealso gur e 4.2. The diverging connectiorhas similar proper-

ties to the serial connection. If is not instantiated, new information received about
or  will update our knowledge about . Then the information will continue to
and ,respectively (seeleft graph). In the casethat is instantiated, information
will not be able to passthrough . It is blocked at (seeright graph). Concluding,
adiverging connection has the property

Rememberthe “Icy Roads” example in section 1.1. The Bayesnet itself was one single
diverging connection, Hoimes ey watson and we also cameto the conclusion that

Holmes  Watson Icy-

In a Bayesian network, , a conveging connectionis a directed subgraph
such that and . The connec-
tion can also be written as . See gur e 4.3. A converging connection will

in some sensehave opposite propagation properties compared to a serial or a diver g-
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Figure 4.3: Converging connection. In a converging connection the infor -
mation canonly pass if it hasreceived some evidence.

ing connection. Evidence receivedin or will onlypass ,if hasreceivesome

evidence, hard (seeright graph) or soft. We say that the evidence at opensfor in-

formation. If nothing is known about , the new information will bounce back (see

left graph) and we call the parents independent. Note that it is not necessaryfor

to be instantiated to make the parents dependent, only that we know somethingabout
. In the casedescribed in gur e 4.4,there is an opening in the converging connec-

tion at variable , becauseit has received soft evidence from its descendants,  and
. Variable  did rst receive(hard) evidence. Concluding, a converging connection

hasthe property

R NN N
}(@):—)(@)—)
N N’
E

Figure 4.4: Converging connection. When becomesinstantiated both and
receives (soft) evidence. This will open up the converging connection

and hence and is connected. Vertices that are double-framed with the outer
frame dashed representvariables that have received soft evidence. Thesevertices are
also shaded gray, but with lighter version of gray than vertices with hard evidence.

Once again, go back to the eye color example and look at the converging connection
mother  child  father The knowledge aboutthe nerWill not affect your knowledge
aboutthe other @slong asthe ¢hjg is unobserved.

A commentaboutthe eyecolorexampleand softevidenceNote that the rules for serial and
diver ging connectionsare only valid if you observethe genotypghard evidence). They
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doesnot hold if you just observe the phenotypei.e. the eyecolor(soft evidence).

4.2.3 d-connection and d-separation

In previous section some examples of how information is propagated between vari-
ableswere given. These“r ules” are intuitive and a property of human reasoning. They
decide how and when information propagatesthrough different types of connection.
Therules canbe summarized by the de nition of d-separatiorjdependency separation).

DEFINITION 8 (D-SEPARATED VARIABLES)
Two variables  and  are d-separated if for all paths between  and  thereis an
intermediate variable such that either the connection is

serial or diverging and the stateof  is known.
converging and neither  nor its descendantshave received evidence.

Two variables that are not d-separated are said to be d-connected.
Except from this, the report does not mention much about d-separation, but since it
is so common in the literatur e the de nition was included. It is interesting since it

describeshow two variables are related with each other given our knowledge about
other variables.
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Chapter 5

The Junction Tree Algorithm

It is possible to evaluate the marginal probability of all variables given observations
on some other variables. The problem of conditioning Bayesian networks on obser-
vations is in general NP-hard [Rip96] (originally shown in [Co090Q]), but experience
shows that in many real systemsthe networks are sparsely connectedand therefore the
calculations are tractable [Rip96]. Severalalgorithms have beenproposed, some more
successfulthan others. One of the rst algorithms [Pea89 designed operated dir ectly
on the Bayesiannetwork structure. Eachvariable was given a processand eachtime a
variable receivedsomenew evidenceit senta messageto its neighbors, which sentnew
messagesto their neighbors. After a while the Bayesiannetwork is hoped to become
stable. The most popular algorithm today is the junction tree algorithm designed by
the Odin group at Aarhus University [Jen96 Jen94].

The junction tree algorithm, is a processin two major steps, transformationand prop-
agation The transformation step builds an undir ected junction treefrom the Bayesian
network. The junction tree contains cliques of random variables. In most cases,this
stepis only performed once. The second step, propagation, is where we propagate re-
ceived evidence and make inference about variables using only the junction tree. The
propagation is made by sending messagesand sinceit is done on atreestructure, it is
enough to have atwo step messagepassing function. This makesit a fast algorithm,
which is one of the main reasonsfor its popularity . Most of the algorithms found in this
chapter originates from [HD94] and to someextent from [Jen94. It hasbeenshown that
the evaluation technique using the junction treealgorithm is equivalent to previously
known evaluation technique, which perform dir ectly on the Bayesiannetwork [SAS94].

5.1 Theory

In this section, the fundamentals of ajunction treeand its potentials are intr oduced and
explained. When converting a Bayesnet into a junction treewith potentials it is rst
triangulated. The triangulation of a graph is closely related to the decomposition of a
graph and the decomposition of a distribution. All theseconceptswill be explained.
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5.1.1 Cluster trees

Before de ning what a junction treeis the de nition of a cluster tree,which is a super
classof the junction trees,are intr oduced.

DEFINITION 9 (CLUSTER TREE)

A cluster treeover is atreeof clusters of variables from . The clusters are subsets
of  such that their union is equal to . The edgesbetween the cluster in the treeis
labeled with the intersection between two clusters and |, i.e. . These

intersections are by de nition separator sets.

Given a Bayesiannetwork, over ,any cluster treecorresponding to  is
arepresentation of . An example of a cluster treecanbe seenin gur e5.1.

Figure 5.1: An example of a cluster tree. The clusters are displayed as ovals and the
separatorsare displayed assquares.

5.1.2 Junction trees

A junction treeis a very special caseof a cluster tree and it will be used often in this
report. It is also called a join tree This is the de nition:

DEFINITION 10 (JUNCTION TREE)
A junction treeover is a cluster tree such that all vertices between any two pair of
vertices and contains the intersection

In gur e5.2,an example of ajunction treeis given. Compare this graph with the cluster
treein gur e5.1which is not ajunction treesincethe cliques and sepsetsalong the path
between clique adeand clique cdedo not contain the intersection de

5.1.3 Decomposition of graphs and probability distributions

DEFINITION 11 (GRAPH DECOMPOSITION)
Threedisjoint subsets , and of an undir ected graph is said to form a
(weak) decomposition of  if:
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Figure 5.2: An example of a junction tree. The clusters are displayed as ovals and the
separators are displayed assquares. Note that all vertices between any two clusters
and contains the intersection

0] ,
(i)  separates and ,and

(iif)  is a complete subset.

There is also a de nition of strongdecomposition, but it is only of interestwhen there
are continuous variables in the network, more information canbe found in [Lau96]. In
this report, only discrete variables are discussed, though. When we in the following

sectionswrite decomposition we refer to weak decomposition.

DEFINITION 12 (DECOMPOSABLE GRAPH)
A graph that can be decomposed into cliques by (weak) decompositions is called a
(weakly) decomposablegraph.

An obvious result from this de nition isthat any subgraph  of adecomposablegraph
is also decomposable.

THEOREM 6 (TRIANGULATED AND DECOMPOSABLE)
Givenan undirectedgraph , the conditionthat is (weakly)decomposable equivalentto
theconditionthat s triangulated.

PrROOF The proof is based on induction on the number of vertices in the graph and it
can be found in [Lau96].

DEFINITION 13 (DECOMPOSABLE DISTRIBUTION)
A probability distribution is said to be decomposablewith respectto if isanl-map
and triangulated.
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In gur e 5.3,two probability distributions representedby graphs, one decomposable
and one non-decomposable, are given. The graph to the left is a non-decomposable
probability distribution since and are not married, which implies that it is not trian-
gulated. The right graph is a decomposable probability distribution though and
separates  and

Figure 5.3: Left: The graph is a representation of a non-decomposable probability dis-

tribution since and arenot married. In other words, it is not triangulated. Right: The

graph is a representation of a decomposable probability distribution. separates
and

5.1.4 Potentials

DEFINITION 14 (POTENTIAL)
A potential over a set of variables is a function that maps eachinstantiation of
into a non-negative real number. We denote the number that maps  into by

How to representa discretepotential on a computer system, seeappendix A.

Operations on potentials

There are two basic operations on potentials, namely marginalizationand multiplication.
Supposewe have two clusters of random variables and where . Then
the marginalization of a potential and the multiplication of two potentials is de ned

as:

DEFINITION 15 (MARGINALIZATION OF A POTENTIAL)
The marginalization of  into is apotential , and is denoted

Each is computed asthe sum wherethe :sare all instantiations
of such that they are consistent with
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0O 0 omn 0O O 0 0.02 0O O O 0.0022
0O 1 0.23 0O O 1 0.23 0O O 1 0.0253
1 0 056 0O 1 0 o0on 0 1 0 0.0253
1 1 0.20 0O 1 1 o0.10 0O 1 1 0.0230
1 0 0 0.09 1 0 0 0.0504
1 0 1 013 1 0 1 0.0728
1 1 0 031 1 1 0 0.0620
1 1 1 0.01 1 1 1 0.0020
Table 5.1: An example of a multiplication between two potentials over two
clusters and
DEFINITION 16 (MULTIPLICATION OF POTENTIALS)
The multiplication of and  is apotential , where . It is denoted
Each is computed asthe multiplication where both instantiation

and instantiation are consistent with

How to implement the multiplication algorithm is thoroughly discussedin appendix A.

As an example, suppose that we have a cluster and a cluster

where eachvariable hastwo states; and . The potential and can be seenas
tables or multi-way arrays (seeappendix A). The union setbetween and is equal
to and the multiplication between and is then a potential
with state space. In table 5.1, a possible table representation of and is
given together with the multiplication of them. Note that the potentials do not have to
sum to one.

THEOREM 7 (POTENTIALS AND GLOBAL MARKOV PROPERTIES)
Having a potentialrepesentatiorand having globalMarkov propertiesare equivalentfor all
distributionson agraph,if andonly if it is triangulated.

PrROOF The proof for this can be found in [Rip96].

THEOREM 8 (FACTORIZATION OF POTENTIALS)
Given a decomposablarobability distribution with respecto it canbe
written asthe productof all potentialsof the cliquesdividedby the productof all potentialson
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theseparators:
(5.1)

where is the setof all cliques, is the setof all separatorsand is the potential over
cluster

PrROOF The proof for this canbe found in [Rip96].

For more information on potentials, how they can be implemented, and methods and
operations on them, seeappendix A.

5.2 Transformation

The transformation of a Bayesiannetwork into a junction treeis performed by doing
a sequenceof graphical operations. Do not misunderstand the word transformation,
it meansthat a newgraph (the junction tree)is created and that we still have the un-
changed Bayesiannetwork available. There are four main stepsin this transformation
from Bayesiannetwork to junction tree:

ALGORITHM 1 (TRANSFORMATION)

1. Transform the DAG of the Bayesiannetwork into a moral graph, which is undi-
rected.

2. Add arcsto the moral graph to form a triangulated graph.
3. Selectcliques that are subsetsof vertices in the triangulated graphs.

4. Using thesecliques, createa junction tree by connecting the cliques with sepsets.

Step 2 and 4 are NP-hard problems [HD94], but with some heuristic algorithms these
stepscan be completed with some ef ciency . Sincetransformation into ajunction tree
is performed only once per Bayesian network, the speed is not that important if the
network is moderate in size.

5.2.1 Moral graph

The rst and also the less complicated step towards a triangulated graph (and later
also a junction tree)is to moralize the Bayesian network. A moral graph is a graph
where all parents with a common child have been connected with undir ected edges
and thereafter had all its dir ected edgesmade undir ected. We say that the parents are
married Note that one parent can be married to many other vertices. In gur e 5.4,t0
the left is the original directed graph and to the right is the moralized graph. Since

vertex and are both parentsto vertex , the edge is added. The three edges
, and are added becausevertex , and areall parentsto vertex . In

the gur e added edgesare dotted.

The algorithm for constructing a moral graph fromaDAG is
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Figure 5.4: Left: The directed acyclic graph to be moralized. Right: The moralized
graph. Dotted edgesare the edgesadded during the moralization.

ALGORITHM 2 (MORALIZATION OF A DIRECTED ACYCLIC GRAPH)

1. Createa copy of
2. For eachvertex do

(a) for eachpair of vertices in the parent setof ,pa ,add anundir ectedgraph
to

3. Make undir ected by dropping the dir ections of all the edges.

An important observation is that in step 1 we create a copyof the Bayesian network.
From this stepwe areworking on anew graph without destroying the original Bayesian
network.

5.2.2 Triangulated graph

An undir ected graph is triangulatedif all cyclesof length larger than threehasa chord.
In the processof triangulation the eliminationofverticess a central issue. An elimination
of avertex in an undir ected graph, is done by rst connecting all of 's neighbors
pairwise, and then remove and all edgesconnectedto it. We saythat is eliminated
See gur e 5.5for an example of elimination. When we remove vertex , all its uncon-
nected neighbors, vertex , and , are connected by adding edges. In this caseonly
the edges and where added, sincethe edge already existed.

It is guaranteed that a new complete subgraph is created when a vertex is eliminated.

We say that a clique is induced from the processof elimination. In gur e 5.5,the elimi-

nation of vertex induces the clique . A vertex that canbe eliminated without

having edgesadded, can not be part of a chord-less cycle of length greaterthan three.
In general, there are many ways to triangulate an undir ected graph. If we have many
ways to choosefrom we would like to getan, in somesense,optimal triangulation. One
way to de ne optimal is to de ne it asthe resulting graph has a minimal sum of the
sizesof the potentials' state spaces-. This task is NP-complete [Jen94 HD94]. However,
there exist several heuristicalgorithms that produce at least closeto optimal triangula-

tion graphs in real-world settings. [Kjae9(] investigate several heuristic methods. One

The size of a potential's state spaceis equal to the product of the sizes of all state spacesof each
variable's distribution.
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Figure 5.5: Example of elimination of a vertex. Vertex is eliminated and the dotted
edgesare the edgesadded during the processof elimination. The resulting complete
subgraph is said to be induced from the processof elimination.

such algorithm is explicitly given by [HD94] and is amodi cation from [Kjae9(Q].

The algorithm for triangulating any undir ected graph is

ALGORITHM 3 (TRIANGULATION OF AN UNDIRECTED GRAPH)
1. Createacopy of
2. As long as has vertices left

(a) Selectthe vertex from that causesthe least number of edgesto be
added if it is removed. If choice is between two or more vertices, selectthe
one that induces the cluster with the smallest weight.

(b) Connect all vertices in the cluster that is induced by selectedvertex . Add
the corresponding edgesto

(c) Saveeachinduced cluster that is not a subsetof any previously saved cluster.
(d) Remove from

3. , modi ed by the additional edges introduced in the previous steps, is now
triangulated.

In the criterion found in step 2athe concept of weightis used. This is how it is de ned:

The weight of a vertex is de ned asthe number of statesthe corresponding
variable has. Denote it or

The weightof a cluster is the product of the weights of its vertices. Denote it
or , it is calculated as

From THEOREM 6 we getthat atriangulated graph is decomposable. The problem is to
identify the cliques that decomposethe graph, but in step 2cthis is what is done. There
aretwo reasonswhy this works [HD94]; (i) An induced cluster can never be a subsetof
asubsequently induced cluster. (ii) Eachclique in the triangulated graph is an induced
cluster from step 2bin the triangulation algorithm.
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5.2.3 Junction tree

The step towards the junction treeis about half through now. What we have are the
vertices in the junction tree, which are the saved cliques from step 2c. What needs
to be done is to connect these cliques so that it satis es the junction tree de nition
(see DEFINITION 10). It would also be nice if we could build it in such a way that
the calculation of probabilistic inference would be as fast as possible. An approach
that ful lls this is once again given by [HD94]. There exists other more sophisticated
approaches([Sha99) but they will not be discussedfurther.

ALGORITHM 4 (BUILDING A SEMI-OPTIMAL? JUNCTION TREE)

1. Createa setof trees,each containing of a single clique. The cliques are the
onessavedin step 2cin the triangulation algorithm. Createan empty set to be
used for storing sepsets.

2. For eachdistinct pair of cliques and

(a) Createa candidate sepset, , containing the intersection
(b) Insert into . aswe will seein chapter 5.
3. Repeatuntil sepsetshave beeninserted into the forest.

(a) Selectand remove the sepset from  that hasthe largest mass. If two
sepsetshave equal mass, selectthe one with the smallest cost.

(b) If the cligues and are on different treesin the forest, then join the two
by inserting between them.

4. The forestcontains of one (cumulated) tree,which is the wanted junction tree.

In the criterion found in step 3athe conceptsof massand costis used. This is how it is
de ned:

The massof asepset , denoted , is the number of variables it contains.
The costof a sepset , denoted ,is the weight of  plus the weight of ,
i.e.

Examining the algorithm we seethat there will be distinct pairs of cliques

in step 2. In step 3b aninsertion of a sepsetwill merge the two trees and belong to
into onelarger tree. In other words, eachtime an insertion is made, we get one lesstree.
If we not make surethat and belongsto different treesa cycle may be formed.

5.3 An example - The Year 2000risk analysis

An example will show the steps from a Bayesian network into a junction tree. The
network used in this example is taken from HUGIN Expert A/S web page [HEA99]
and is called “ Year2000. Mike Waters® made it aspart of a classprojecton “Reasoning
under uncertainty”, createdit.

%] could not nd his af liation; 1 just have his name.
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5.3.1 The Bayesian network model

The Bayesnet models the year 2000problems in US stock market, nance, transporta-
tion, and utilities industries. It was basically designed to predict the liability of the
US stock market conditioned on different scenarios. See gur e 5.6. The variables in
the network have stateslike (working, reducegdnot working) or (working, moderatgsevee,
failure). The ssiocks Variable hasthe states(up, down, crash).

Electricity Telecom

Rail [ AirT ravel ] [ Utilities ] [ USBanks ]

Transportation USStocks

Figure 5.6: The Bayesian network “Year 2000” which is going to be moralized and
triangulated, and then the junction treewill be created.

5.3.2 Moralization

The moralization of the “Year2000” network will add threenew edgesbetween mates,
namely Rail-AirTravel TransportationUtilities, and TransportationUSBanks In gur 5.7
the moralized graph is shown, where the new inserted edges are dotted. All other
edges are made undirected The moralization algorithm (see ALGORITHM 2) is fully
deterministic, i.e. there exists a unique solution which is easyto nd.

5.3.3 Triangulation

The next step towar ds the junction treeis the triangulation step. Remind that the trian-
gulation of agraph canbedone in many dif ferent ways resulting in dif ferent solutions.
Which solutions you selectdepend on what you want to optimize for. We selectto opti-
mize for size,wherewe want to have assmall clusters aspossible in the resulting junc-
tion tree. The stepis NP-hard. Using ALGORITHM 3we end up with the graph found in
gur e5.8. Added edgesare dotted and they are Electricity-Transportationand Electricity-
USBanks When the vertex Telecowere eliminated, all its neighbors were connected.
Since all but Electricityand Transportatiomlready were connected, only the edge Elec-
tricity -Transportationwas added. The edge Electricity-Transportationwas added when
AirTravelvas eliminated. In table 5.2,the eliminations of all eight vertices is shown.
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Electricity )

Telecom

USBanks

~~~~~~~~~~ [ AirT ravel ] [ Utilities

Transportation

USStocks

Figure 5.7: The moralized graph of the Bayesian network “Year 2000”. Added edges
are dotted.

Telecom

Electricity ]

AirT ravel ] [ Utilities USBanks

USStocks

Transportation ]

Figure 5.8: The triangulated graph of the Bayesiannetwork “Year 2000”. Added edges
during triangulation processare dotted.
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5.3.4 Building the junction tree

During the processof triangulation (seeALGORITHM 4) we saved the induced cluster
(from the processof elimination) that was not a subsetof previously saved clusters. See
step2cin ALGORITHM 3. The clusters saved are the one marked by an asterisk (*) in the
column of induced clusters that are listed in table 5.2. In the table are also the vertices
eliminated and the edgesadded shown in order or elimination.

Step Eliminated Added edges Induced cluster
vertex
" {USBanks Utilities, Trans-
. USStocks ) portation USStock¥*
| lectrici K {Electricity, USBanks Utili-
2 Telecom {Electricity-USBank$ ties Telecor
i | lectrici i {Electricity,  Transportation
3 AirTrave {Electricity-Transportation Rail, AirTravel*
Electricity, = Transportation
4 Rail i ¢ Y P

Rail}

{Utilities, USBanks Trans-
portation Electricity}*

5 Electricity -

{USBanks Utilities, Trans-

6 Transportation

portatior}
7 USBanks - {Utilities, USBank$
8 Utilities - {Utilities}

Table 5.2: The elimination ordering showing eliminated vertices, added edgesand in-
duced clusters during the triangulation processof the network “Year 2000”. The saved
clusters for the junction treeare the clusters marked by an asterisk (*).

In gur e5.9is the resulting junction treeshown. The four clusters saved are connected
with separator setsaccording to ALGORITHM 4. The next step is to assign the clusters
potential functions. This stepis called the initialization step.

5.4 Initializing the network

The structur e of the junction treeis now set. Do not forget that we still have the original
Bayesiannetwork, i.e. the junction treeis a separategraph. Left to do is the quantita-
tive part of the transformation. The goal of this second half is to have the probability
distribution inserted into the treestructure sothe global Markov property is conserved.
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Electricity
USBanks
Utilities

Telecom

Electricity
USBanks
Utilities

Electricity Utilities

Transportation Electricity USBanks
Rail Transportation Transportation
AirT ravel Electricity

USBanks
Utilities
Transportation

USBanks
Utilities

Transportation
USStocks

Figure 5.9: The junction treeof the Bayesiannetwork “Year 2000” with cluster vertices
(ovals) containing the cliques found during the triangulation process. Between the
clusters are edgeslabeled with sepsets(squares)inserted.

5.4.1 Initializing the potentials

From chapter 3 we know that

pa
where pa if istheroot, is a potential representation of the distri-
bution . Now we can construct the following algorithm:

ALGORITHM 5 (INITIALIZING THE JUNCTION TREE)

1. For eachcluster and sepset , do the assignment

2. Foreachvertex ,assignto acluster that containsfa ( fa )and call

the parent cluster of fa . Then include the conditional probability pa
(or just if there are no parents)into  according to
pa

For futur e needsit is useful, but not necessaryto rememberto which vertex eachparent
cluster in step 2 was assigned. We will return to this in section 5.6.3when discussing
ALGORITHM 12.
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This initialization procedure satis es equation (5.1);

pa

5.4.2 Making the junction tree locally consistent

The junction tree potentials doesindeed satisfy the equation (5.1), but it might not be
consistent. Currently, comparing cliques they might tell you different stories about the
distributions on certain variables. For instance, consider two cligues and , which
are connected with a sepset , and both contains the variable . Marginalizing on
both and to get , might not give the sameresult. The reasonfor this is that
the individual cliques have not yet been affected by the information of other cliques
in the tree. The information in the tree hasto be distributed “equally” on. The global
propagatioralgorithm performs a seriesof local manipulations that makesthe junction
treelocally consistent. The local manipulations is referred to as messageassingwhich
can be seenas an update messagesent from clique to another Iter ed through their
common sepset. The global propagation algorithm keepsequation (5.1)valid. Theidea
behind the propagation is to have all cliques to passa messageto all of its neighbors.
The order in which this is done is such that the consistency from previously passed
messageswill be preserved. After the performance eachcluster-sepsetpair will be con-
sistent, and therefore also the whole tree.

Message passing

A singlemessagpassbetween two clusters and consistof two steps. The rst step,
called projection passesthe messagefrom to the sepset . The second step, called
absorptionpassesthe messagefrom the sepset to .Seegur e5.10.

ALGORITHM 6 (PASS-MESSAGE( , ))

1. PROJECTION. Update the potential of the sepset

2. ABSORPTION. Update the potential of the receiving cluster

If then
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Figure5.10:A single messagepassfrom cluster to cluster LAl
variables are binary. The potential ~ of the sepset is updated through a projection
from the potential from cluster . Then the potential of cluster absorbsthe new
information from the sepset. Thesestepsare described by ALGORITHM 7.

A division betweentwo identically shaped potentials is performed elementwise. If the

division is it isde ned to be . For where the division is unde ned. Buit,
for any instantiation of , Jensen[HD94, Jen96§ shows that whenever
then also holds. This is the reasonfor the if-condition in ABSORPTION. Be-

causeof the way division is de ned for potentials, the division in the ABSORPTION-
method should be performed befoethe multiplication (with the potential).

In practice, it is not unusual that the values of some elementsin a potential are very
small. Performing a messagepass might then vanish (put to zero) some of the ele-
ments becauseof the limited precision avalue canhave in acomputer . To prevent this
from happening we can normalize the potential during the absorptiorstep. Here is the
revised algorithm (with modi cation according to [Jen94):

ALGORITHM 7 (PASS-MESSAGE( , ) revised)
1. PROJECTION. Update the potential of the sepset

2. ABSORPTION. Update the potential of the receiving cluster

“Most programming languagesfollow the IEEE 754standard for oating-point arithmetic; the smallest
number that can be representedin single precisionis [Jen94.
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If then

Global propagation

The global messagepassing, called globalpropagationwill make sure that each cluster
passesits information, i.e. its belief potential, to all of the other clustersin the junction
tree. Paying attention to the collect evidence method we seethat a cluster passesa mes-
sageto aneighbor rst when it hasreceived evidence from all of its other neighbors.

ALGORITHM 8 (GLOBAL PROPAGATION)
1. Choosean arbitrary cluster

(a) Unmark all clusters. Call COLLECT-EVIDENCE( ,NIL).
(b) Unmark all clusters. Call DISTRIBUTE-EVIDENCE( ).

ALGORITHM 9 (COLLECT-EVIDENCE( , ))
1. Mark

2. while there are unmarked ne
Call CoLLECT-EVIDENCE( , ) (recursively)

3. Call PASS-MESSAGE( , ) backto the invoking cluster  if NIL.

Comment:Note that the cluster in the COLLECT-EVIDENCE( , ) is the cluster that
invokes COLLECT-EVIDENCE.

ALGORITHM 10 (DISTRIBUTE-EVIDENCE( ))
1. Mark

2. while there are unmarked ne
Call PASS-MESSAGE( , )

3. while there are unmarked ne
Call DISTRIBUTE-EVIDENCE( ) (recursively)

5.4.3 Marginalizing

After having converted the Bayesian network into a junction tree and the initialized

it, we have a consistent structure from which we can marginalize out any variables.

Consider the potential in table 5.1. Assume that this potential is a result from a

global propagation. Then it representsthe joint probability distribution over the cluster

. To get the probability distribution for , one has to sum over

. Using the values of ~ found in table 5.1the probability distribution for  will
become
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5.5 The Year 2000example continued

Before we saw how the “Year 2000” network was transformed into a junction tree.
In this section it will be shown how its potentials are initialized and made globally
consistentwith eachother.

5.5.1 Initializing the potentials

After have been building a junction treeits quantitative part hasto be initialized. In
this example the initialization of the clique {Electricity, Transportation Rail, AirTrave}
and the sepset{Electricity, Transportation will be presented.See gur e5.11 or gur e5.9.

Electricity
Transportation Electricity
Rail Transportation

AirT ravel

Figure5.11: The clique {Electricity, Transportation Rail, AirTravel and its sepset{Electric-
ity, Transportatio whose potentials and , respectively, will be initialized.

The initialization algorithm (seeALGORITHM 5) does rst assign to all cliques and
sepsetsin the junction tree. This is actually all the initialization that is done for the
sepsets.The potential of sepset{Electricity, Transportation is shown in table 5.3.

Electricity Transportation Electricity Transportation

working working reduced severe

working moderate reduced failur e

working severe not working working

working failur e not working moderate

reduced working not working severe

reduced moderate not working failur e
Table 5.3: The potential of sepset{Electricity, Transportation} after initialization. It
has statesand all stateswill have the value one.

Next, the algorithm stepsthrough all variables  in the Bayesiannetwork and assigns
to aclique , called the parent cluster, that contains fa . These are some of the
interesting variables and their family:

fa Electricity Electricity

fa Rall Electricity Rail
fa AirTravel Electricity AirTravel

fa Transportation TransportationRail AirTravel

50



Sometimesthere is more than one clique  such that fa . Which clique that is
selectedas the parent cluster does not matter, the result and the performance will be
the same. In this example, we selectthe parent cluster for the variable  giectricity to be
the clique {Electricity, USBanks Utilities, Telecorh(see gur e 5.9). The variables Raj,

AirTravel @Nd  Transportation @re all assignedthe same parent cluster, namely {Electricity,
Transportation Rail, AirTrave} (see gur e 5.11 and gur e 5.9). For this reason,the po-

tential over clique {Electricity, Transportation Rail, AirTravel, let us call it cligue and
its potential , will beinitiated according to:
Transportation  pa Transportation Rail  pa Rall AirTravel paAirTravel
or, explicitly
Transportation  {Rail,AirTravel} Rail  Electricity AirTravel  Electricity

Remember that on a computer all factors in the multiplication are multidimensional
arrays (seeappendix A). Sincethe variables giectricity,  Rail @A AjrTraver all have three
states(working, reducednot working) and variable  ansportation has four states(working,
moderateseveg, failure), the potential will have a state spacecontaining
states. In table 5.4 it is shown how some of the statesin the potential is initial-

ized. In appendix C.2,the Bayesian-Network model in XBN-format (seeappendix B)
is shown. There are also the individual values of the different conditional probabil-
ity distributions that are used in the multiplication, found. AirTravel Electricity Can
be found on lines 100-10 in the XBN le, Rail Electricity ON lines 112-122, and

Transportation  {Rail,AirTravel} ON lines 227-246.

Electricity Transportation Rail AirTravel
working working working working
working working working reduced
working working working not working
working working reduced working
reduced moderate  not working reduced
reduced moderate  not working  not working
reduced severe working working
reduced severe working reduced

not working failur e reduced not working
not working failur e not working working
not working failur e not working reduced
not working failur e not working  not working

Table 5.4: An excerpt of the table showing the initialization of the potential over clique
{Electricity, Transportation Rail, AirTrave}. The whole potential has 108statesand only
few of them are shown here.
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5.5.2 Making the junction tree consistent

The next after the initial assignment of potentials in to make the junction tree globally

consistent. The global message-passingalgorithm (seeALGORITHM 8) doesthis. Using

a arbitrary clique asastart clique, a seriesof COLLECT-EVIDENCE and DISTRIBUTE-

EVIDENCE calls are performed. Let us selectthe clique {USBanks Utilities, Transporta-
tion, USStock} as a start clique. The messagespassedwhile performing these meth-

ods are shown in gur e 5.12. The solid arrows representthe messagepassesduring

the collect-evidence phase and dotted arrows representthe messagepassesduring the
distribute-evidence phase. They are numbered in the order they are performed.

Electricity
USBanks
Utilities

4 Telecom
MP 5 .-
Electricity
USBanks
Utilities
MP1 MP 2
Electricity Utilities
Transportation Electricity USBanks
Rail Transportation Transportation
AirT ravel Electricity
Py
MP 3

USBanks
» Utilities
K Transportation

MP 4 -

USBanks
Utilities

Transportation
USStocks

Start clique

Figure 5.12: All the messagespassedduring the global propagation. The arrows rep-
resentthe messagepasses,PASss-M ESSAGE(A ,B), in the direction from cluster to
They are numbered in the order they are performed. The solid arrows are called dur -
ing the CoLLECT-EVIDENCE and the dotted arrows are called during the DISTRIBUTE-
EVIDENCE calls.

To make things more clear, we log all callsto method CoLLECT-EVIDEN CE and method
DISTRIBUTE-EVIDENCE. Theresult is the log shown in table 5.5.
5.5.3 Calculation the apriori distribution

After the whole transformation step has been performed and the initialization of the
potentials has beendone, we can through marginalization calculate the a priori distri-
bution for all variables. See gur e 5.13. For the result, it does not matter which clique
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Step Method called

COLLECT-EVIDENCE
COLLECT-EVIDENCE

Transportation
TransportationElectricity

COLLECT-EVIDENCE Electricity

CoLLECT-EVIDENCE Electricity TransportationRail AirTravel
DISTRIBUTE-EVIDENCE Transportation
DISTRIBUTE-EVIDENCE TransportationElectricity
DISTRIBUTE-EVIDENCE Electricity

DISTRIBUTE-EVIDENCE Electricity TransportationRail AirTravel

0O NO OB~ WN P

Table 5.5: The log of all callsto CoLLECT-EVIDENCE and DISTRIBUTE-EVIDEN CE when
performing aglobal propagation with the clique {USBanks Utilities, Transportation US-
Stock$ asthe start clique.

or sepsetwe choosefor getting a distribution aslong asit contains the variable of in-
terest. But for bestperformance, it is advisable to selectthe sepsetor clique that hasthe
smallest state space,i.e. the smallest number of variables.

Electricity

Working s 0.600

Reduced = 0.300
Not Working m 0.099

Telecom

Working s 0.544
Reduced wmm 0.304
Not Working m

Working s

Moderate wm Working - s 0.488

Working s 0.579 Working e
Reduced wm 0.230

C duced mm—.
Not Working = 0.190

edut X Reduced mmm 0.370
Not Working mm Sever = - Not Working m 0.141

Failure =

[ Rail ] [ AirT ravel Utilities USBanks

Transportation USStocks

Up 0.433
Down e 0.386
Crash = .

Severe m 0.097

Working s 0.658 1
Moderate = 0.167
Failure » 0.077

Figure 5.13: The a priori distribution over the variables in the model “Y ear 2000 after
initialization with global propagation.

5.6 Evidence

In the rst chapter evidencavas intr oduced and was further discussedin section4.2.1.
To summarize and add some comments about what evidence in the Bayesiannetwork
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senceis we saythat evidence is when we receivenew information about avariable that
changesour belief about its distribution over possible states. Evidence canbe either soft
or hard Hard evidences when we instantiatethe variable, i.e. when we know exactly
which state the variable is in. A hard evidence is also referred to asan observatiorand
is a statement of the form . Rememberthat we are only talking about discrete
variables. Softevidences all other kinds of evidence, i.e. when we change our belief
about the statedistribution, but will still do not know exactly which statethe variable is
in. Soft evidence on a variable can also be when we have observed (hard evidence)
one of its childr en, but not the variable itself. This report will not discuss soft evidence
any further, only hard evidence will be used.

5.6.1 Evidence encoded asa likelihood

Mathematically we code evidence as a likelihoodfunction over a variable , denoted
as . The likelihood function for a discrete variable is a potential over the
variable. If we have observedhe variable the likelihood function is:

when is the observed value of
otherwise.

When avariable is unobserved, setthe likelihood function to a constant; -
for all  where isthe number of statesin . When implementing, it is enough to
assign oneto the likelihood function; . This is becausea normalization of
all potentials will be performed during the global propagation.

5.6.2 Initialization with observations

We changeour initialization algorithm of the junction treemethod to include the setup
of likelihood functions. Thereis only one minor modi cation.

ALGORITHM 11 (INITIALIZING THE JUNCTION TREE revised)

1. For eachcluster and sepset , do the assignment

2. For eachvertex

(a) Assign to a cluster that containsfa  and call the parent cluster of
fa . Theninclude the conditional probability pa  (Orjust
if there are no parents) into according to

pa

(b) Seteachlikelihood elementto one:
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5.6.3 Entering observations into the network

When we receive new information in form of observations we change the likelihood
function for the variables concerned. If the observed variables are and , we up-
date the likelihood functions and . Thereafter the potentials are up-
dated using global propagation, seeALGORITHM 8 in section 5.4.2. The algorithm for
entering new observations into the model is:

ALGORITHM 12 (OBSERVATION-ENTRY)

1. For eachobservation

(a) Encodethe observation asa likelihood "¢V,

(b) Identify acluster that contains and update and as:

new

new

Note that the cluster referredto asa in step 1(b) canbe chosenin many ways if there
are several clusters containing the vertex . It is suggestedto use the parent clusterthat
was chosenin step 2in ALGORITHM 5.

5.7 The Year 2000example continued

When the second millennium will setand the new millennium will rise, people have
suggested several dif ferent scenariosto happen. The most pessimistic onesthink that
the world will end and the most optimistic onesthink that there will be peaceall over
the World. This report will not state any of those extremes. Instead we will look at
what might happen if the electricity and/or the telecommunication would bereduced,
go down or work asnormal. Let us seewhat happensin the following threecases:

I. Both the electricity and the telecommunication work.
II. Electricity will be reduced and the telecommunication doesnot work.

lll. Both the electricity and the telecommunication do not work.

5.7.1 Scenariol

| think the most likely scenariois when both the electricity and the telecommunication
works asnormal. Using the tool with the observations  giectriciy = Working and

Telecom=Working we get that US Stockswill most probably go up, and that the trans-
portation sector, the banks and the utilities will all have a big chance of working. See
gur e5.14.
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Electricity Telecom
Worklng — 1888 g‘gﬁic"egd — éggg
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_ Rall ___AirTravel __ Utilities USBanks
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ever 1 X
Failure 0.001 Crash 0096

Figure 5.14:Scenariol: Both the electricity and the telecommunication works.

5.7.2 Scenario ll

It is alsoreasonableto believe that there might be somereduction in the power produc-
tion or the telecommunication services. This is our secondscenarioand it is illustrated

in gur e 5.15. The observations  gjectricity =Reducedand  reiecom=Not Working were
used. We seethat the bankswill still work, but the sectormight bereducedin function-
ality. Also the transportation sector, which reliesalot on the railway the air sector, will

have problems; it might even failur e to work. The utility sectorswill also have alot of
problems and the stock market will go down or even crash.

5.7.3 Scenario lll

What will happen if both the electricity and the telecommunication go down? In this
casewe have the observations  gjectricity =Not Workingand  tejecon=NOt Working. Enter-
ing this evidenceinto we will getthe outcomein gur e5.16.In this work scenario,
most of the sectorswill experience severe damagesor even stop working. The risk for
a stock market crashis increased.

5.7.4 Conclusions

We seethat using a Bayesiannetwork tool like , it is easyto try out different sce-
narios. In this when we model a one time occasionlike the millennium shift, we can
not learn the structure and/or the parameters from data. Instead, we have to rely on
experts and their knowledge. But after having the expert setup a Bayesian network
model, it can be used to try out different scenarios.
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Electricity Telecom

Working 0.000 Working 0.000
Reduced s 1.000 Reduced 0.000
L Not Working 0.1 000 L Not Working s 1_0001

/ \

Rail AIrT ravel Utilities USBanks

Working

Working  mem 0.298 Working = 0,155 Moderate = Working s
Reduced mm 0.250 Reduced mmm 0.305 Reduced
Not Working s 0.451 Not Working s 0.526 FS;KJ?: — 0‘900 Not Working m
Transportation USStocks
Working  mm 0.275 Up 1
Moderate == 0.201
Sevee = 0.121 Crash s
Failure e 0.401

Figure 5.15: Scenatrioll: Electricity will be reduced and the telecommunication do not
work.

o e A 4 h
Electricity Telecom
Ll g000 Reduced 808
educe ) C .
L Not Working s 1.000) L Not Working s 1'0001
Rail AirT ravel Utilities USBanks
Working
Warkmg 1 0.034 Working 0.000 Working w 0.099
Reduced m 0.104 Reduced m 0.173 Moderate - Reduced mm 0.300
Not Working s 0.861 Not Working s  0.826 Failure em— 1000 Not Working  messs 0.600
Transportation USStocks
Working 1 0.027 Up 0.026
Moderate 1 0.032 Down wem 0.310
Severe == 0.243 Crash s
Failure me— 0.697

Figure 5.16: Scenariolll: Both the electricity and the telecommunication do not works.
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Chapter 6

Reasoning and Causation

This chapter is included to get the reader more interested and make her want to study
the subject further. It might even convince her that a Bayesnet is a powerful tool to
model a problem.

6.1 What would have happened if we had not...?

An interesting paper about causality is a paper by Pearl called Reasoningvith Causeand
Effect[Pea99. In this paper an example of the power of Bayesian network is given.
The example is called “The Firing Squad”and could unfortunately be describing areal-
world scenario. We are not going to discuss the ethical problems in this example, but
it is included becauseit shows an interesting approach how to solve a common prob-
lem. The example is about a prisoner who might be executed, depending on the court
order. If the court decidesupon execution, they tell a captain, who then will order two
riemen to shoot the prisoner. In gur e 6.1the example is illustrated.

CourtOrder

Captain

Ri emanB

Ri emanA

Prisoner

Figure 6.1: The model of the “The Firing Squad”.

First Pearl de nes the world to be fully deterministic, i.e. if the court orders an exe-
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cution, then the captain will order the two ri emen to shoot, who then will simultane-
ously r ethereweapons and then the prisoner will die. This system s easily modeled
using predicate logic (seethe paper). It is also fair to say that model it as a Bayesian
network is too much work. But what happens if we add uncertainty? Let us say that
rieman A is a nervous guy that just as he hear the captain telling them to shoot or
not, he might pull the trigger anyway. Assume that the risk that rieman A pulls the
trigger becausehe is nervous, is one out of ten. We do not know the outcome of the
courts decision, but we estimate the probability for it to order an execution to be 70%.
Now it is reasonableto use belief network to model the problem. For those who, after
beenreading this report, still roots for using predicate logic together with probability
calculations, Pearl explains how to model it. It is possible, but tedious and hard to un-
derstand.

6.1.1 The twin-model approach

To complicate the world for logicians even more, Pearl asksthe question:

Whatif we observehat the prisoneris deadand we knowthat ri eman A has
a nervous nger, what is then the probability that the prisonerwould bealive if
ri eman A would not havebeershooting?

This is areally tricky question, it is hard to answer. However, it is justi ed. It is often
that questions like “What would have happened if we had not...?” are asked. The
approach to solve this problem is to think about the world asit contains two joined
models. See gur €6.2.

CourtOrder

Captain-x

Captain

[Ri emanA ] [Ri emanB ] [RI emanA-x ] [Ri emanB-x ]

Prisoner : Prisoner-x

Real World Hypothesis World

Figure 6.2: The twin model using for answering the question “What is the probability
that the prisoner would be alive if rieman A would not have been ring?” The left
branch of the graph representsthe current state of the world (aswe have observed it).
The right branch representsour hypothesis that the ri eman A did not shoot.
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The rst model is used for modeling the realworld, i.e. a Bayesiannetwork were we
have observedhe prisoner being dead ( prisoner=D€ad. The second model is used for
modeling the hypothesisvorld, were the evidence is that the rieman A doesnot r e
( riemanax Don't Fire). The latest statementcould also be coded such that thereis no
in uence from the captain to the rieman A, i.e. thereis no edgein the network. These
two worlds do communicate through the court order.

We know that the risk for rieman A to r e becausehe is nervous is 10%; Finger
Nervous . We also know that CourtOrder Execution . Enter this
knowledge into our twin-model together with the observation that the prisoner is dead,
prisoner Dead . Enter also the “evidence” in the hypothesis world that ri e-
man A do not shoot, Ri emanA-x Don't Fire , then we get that the prisoner
would be alive by a chanceof 9%, if rieman A had not beenshooting. See gur €6.3.

CourtOrder
Execution e 0.909

No Execution = 0.090

Captain

Captain-x
Finger Signal e 0.909

 Signal sem— 0.909

No Signal = 0.090 No Signal = 0.090

Nervous w= 0.181
Not Nervous s 0.818

a N
__RiemanA Ri emanB Ri emanA-x Ri emanB-x
Fire ee—1 000 Fire e 0.909 Fire 0.000 Fire e 0.909
Don't Fire 0.000 Donl Fire m 0.090 L Don't Fire 1.0001 Don't Fire m 0.090
_ Prisoner Prisoner-x

Dead = 1.000

Dead e 0.909
Allve 0000) Alive = 0.090

Figure 6.3: We observethat the prisoner is dead, what is the probability that he would
be alive if rieman A had not shot? He would be alive with the probability of 9%.
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Chapter 7

Further readings

This report covered the basicsof Bayesiannetworks, what they are and how they can
be used for making inference. Also the theory of Markov trees,which carries the fun-
damental properties for Bayesiannetworks is described. The secondary structur e, into
which Bayesiannetworks are converted by the junction tree algorithm, also relies on
Markov treesand Markov properties. Further, the report showed that it is possible to
convert any Bayesnet into ajunction treewhich canbe used for making inferenceand
belief updates. From the updated and consistent junction treewe can then, with help
of marginalization, get the discrete probability distribution for any of the variables in
the Bayesiannetwork. All algorithms needed were covered, explicitly explained and
exempli ed.

However, there were also a lot of things that were not discussed. For readers who
wants to learn more about Bayesian networks and their applications, several sugges-
tions of further readings are given below.

7.1 Further readings

This report did only cover Bayesiannetworks where the variables are discrete The the-
ory for Bayesian networks where the variables are continuous or even mixed is not
covered. A simple way around, if one only have a discrete Bayesian network tool to
work with, is to discretize the continuous data. If this is not satisfactory it is recom-
mended to read further in Lauritzen's book GraphicalModels[Lau96].

With help of a Bayesiannetwork one can nd the most probablereasonfor an outcome.
This is useful when performing diagnosis and fault detection. It is also possible to let
your model undergo sensitivity analysis; “What happens if | change this parameter?
How much doesit affect the system?”. Mor e about this can be found in [Jen94.

In real-life it might happen that we can not observeall variables or that it is very expen-
sive to observe some of the variables. A nice feature of a Bayesnet application would
then be that it give suggestions of which variable to observe next in order to obtain
most information about the system given earlier observation with the constraints of
time and cost. This is what you might need to do when you are planning atest. The
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valueof informationis a “theory” that deals with thesekinds of problems and it origi-
natesfrom [How66] and [Lin71].

We can also take the Bayesiannetworks one step further and createsomething namned
in uence diagrams[HM84]. A inuence diagram is a powerful tool for modeling de-
cision problems [NJ99] and is useful for decision making and planning. In the be-
lief network society a lot of work and reseach are done on the subject (for example
[NJ99, XP99, Jen96 Sha9y9).

The report did not cover how to build a Bayesiannetwork model. It can be created
manually with help of expertswho create both the structur e of the network and assign
the strength of dependency between variables. It is also possible to learn the strength
of dependency (conditional probabilities) from databasesor experiments. The most
exciting is learning of bothstructure and conditional probabilities from data. In elds

where it is not known how the variables are related, this can be used for suggesting
models, which then can be recon rmed or re ned by experiments. A very interesting
and recentreseach project tries to learn the relations between genesin the yeast cell
sacchasmyceservisiagFNP99]. Learning can be of type batchlearning where you do
the learning from beginning using all of the data, or it can be of type adaptatiorwhere
you changeyour Bayesiannetwork, qualitative and/or quantitative, when you receive
new data. The later is preferred, but it is not always possible. Mor e information about
learning can be found in for instance [Hec95], [Jen9q, [RS98]and [HGC94].

Dynamic Bayesiametworkshave not been mentioned at all. Bayesian networks were
not designed to model temporal reasoning under uncertainty. The extension of the
Bayesian network semanticsto include temporal relations is dif cult, but some sug-
gestions how to do it have been given [AC96, NB94, Kan91]. Nicholson and Brady's
article Dynamic Bayesnetsfor DiscreteMonitoring [NB94] are told to be worth reading.
There existsthough a simple work around that allows us to usearegular Bayesiannet-
work to alsorepresentthe temporal information. The idea is to discretize the time into
periods and usetheseperiods as statesin the vertices (variables) in the network. Each
variable doesalso contain one state representing the union of all time periods. The ap-
proachis called TemporaNodesBayesiarNetworks(TNBN), seefor instance [AFS99].

The Uncertainty in Arti cial Intelligence(UAI) society put a lot of effort in exploring
Bayesian networks and its possibilities. Each year a UAI conferenceis hold and this
year (1999)the conferencewas in Stockholm, Sweden. A dominant part of papers pre-
sented was about Bayesian networks 2. They also held a one-day course intr oducing
the subjectfor the lessexperience audience. This conference can be recommended for
anybody who wants to know more about the Bayesiannetworks and reasoning under
uncertainty .

Eventhough I tried to coveralot of the elds on which today's reseach is focusing, and
some applications that have beensuccessful,thereis much much moreto be explored.

There is a web page about the project Using BayesianNetworksto Analyze Whole-Genom&xpression
Data. Its URL is http://www.cs.huji.ac.il/labs/pmai2/ expres sion and there will soon be a
paper published presenting the biological result more deeply.

2SeeURL http://uai99.iet.com
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Appendix A

How to represent potentials and
distributions on acomputer

A.1 Background

In many situations when designing statistical software, the number of variables a dis-
cretedistribution will have is not known in advance (at compilation time). There exists
aneedto generatediscrete multidimensional distributions onthe y.In gur eA.l, sev-
eral examplesof probability representationsare given. To the upper left there avariable

with a one-point distribution. To the upper right has a four-point distribution.

The variable found in the lower left corner have a -point distribution.
Finally, found in the lower right corner, thereis a -point distribution.
[ ) [ ) [ ) [ ) [}
- I "=
* e r e T
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Figure A.1: Top left: A one-point distribution. Top right: A one-dimensional distri-
bution with four possible values. Bottom left: A joint distribution with two variables,
having two and three possible values, respectively. Bottom right: A joint distribution
with rank three,eachvariable having four, threeand threepossible values, respectively.
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A.2 Multi-way arrays

One obvious way to storethesemultidimensional probabilities is to put them in a multi-
wayarray. Let us saythat we want to createa one-dimensional array with four elements
of type double using Java.This is easily done as

double(] X = new double[4];

To declae and createa 2x3-matrix and a 4x3x3-dimensional array with elements of type
double one canwrite

double(][] X = new double[2][3];

double[][N Y = new double[4][3][3];

In Java, which has zero-based indices on arrays, Y[1][0][2] refers to the element
with at position (one-based)in the multi-way array

This is no problem at all, but theseexamplesdealswith situations when the rank (num-
ber of dimensions) of an array is known at compilationtime. But what if one wants to
createan array with rank  at run-time? In programming languages such as Java,C
and Pascal,thereis no easyway to do it. Justthink about it and consider the following
desperate attempt

double[][]...[] X = new double[2]{4]...[6];

A.2.1 The vec-operator

An easyway around this problem is to use the vec-operator The vec-operator is an
operator that takesa multi-way array, e.g. a matrix, and puts the elementsin a column
vector. In the caseof a matrix the columns are stacked on top of eachother creating a
column vector. Hereis an example

This idea is extended to higher dimensions. For a three-dimensional array we will get
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To handle this representationwe have to be able to convert betweenthe two indices; the

index identifying the elementsin the -dimensional array and the index
identifying the elements in the corresponding vector representation. In the three-

dimensional example given above, we have for instancethat ,i.e.

and vice versa.

A.2.2 Mapping between the indices in the multi-way array and the vec-
array

The general mapping from the -dimensional array to the vectored one and vice versa
is a one-to-one mapping. These mapping functions will now be described using the
same notation asin the article [Hol85]. Someideas below are also from personal dis-
cussionswith the author [Hol99]. Denote the index of an elementin the -dimensional

array as which is a sequenceof positive integers. The shapeof the

array is described by the number of elements along each dimension and is denoted

. Obviously, we have that . We use the

notation for with . As acomment, is equal to the num-

ber of elementsin the array, called the size of the array. We de ne the vector as
. A scalarproduct isde ned as

where and . The mapping from the -dimensional

array to the stacked vector is then given by

(A.1)

One could also write

In the other way around, the mapping goesfrom a scalarto a -dimensional integer.
Denote with the integer part of . The inverse mapping is then given by

(A.2)
Considering the 4x3x3-dimensional array in gur e A.1 we have that
(rank)
(shape)
(base)
Then, for instance, the index is mapped to the following scalarindex in

the vec-array
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Backagain we get

Implementatiomotes:In the caseof Javaand C, arrays start with index zeo, and because
of this one can skip the adding and subtraction of one that is found both of equa-
tion (A.1) and equation (A.2). The onesare there since the indices start counting from
one.

A.2.3 Fastiteration along dimensions

A lot of algorithms are often iterating from element to element along one dimension
in the multi-way array. An example of this is the summation of the elementsin one
dir ection where the results are saved in a new multi-way array with the samerank as
before minus one. In gur e A.2 an example where we sum along the third index in the
multi-way array are shown. We seethat the result is anew multi-way

array with rank rank . Note that the variables must not be
ordered in a specialway aslong aswe keep track of the order.
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Figure A.2: To the left is a multi-way array with dimension

Summing along the third dimension we get a new multi-way array with dlmenS|on
, which is seento the right.

The summing function in the previous example motivates the need for a fast method
to iterate along a given dimension. Consider another three-dimensional array with a
huge number of elements. Starting from element and summing
along the seconddimension ( ) it should be intractable to use the mapping function
(eq. (A.1)) eachtime we increasethe index . Looking at the mapping function or
using common sense,we seethat by increasing by one the corresponding index in
the vector representation is increasedby a constant (the basefor that dimension). This
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is always the case.Mor e generally we have that

(A.3)

A.2.4 Object oriented design of amulti-way array

Reading the sectionabove,we nd that amulti-way array hassomeattributes like rank,
shapestc. For amulti-way array and its stackedvector representation, thereis also some
mapping-functions between their indices. Putting everything together it is reasonable
to design a classcalled DOUBLEARRAY to be used for representing a multi-way array
with elementsof type double. Here is an UML-notation for the class

DoubleArray

public  double[] value;

protected int[] shape;

protected int rank;

protected int[] base;

public DoubleArray ();

public DoubleArray (int[] shape);
public  double get(int[]] index);

public  double set(int[] index, double value);
public int rank ();

public int[] shape();

public int size();

public int size(int dimension);

public int getindex (int[] index);
public int[] getindex (int index);
public int iteratorStep (int dimension);

public  double sum();
public DoubleArray sum(int[] dimension);

A.3 Probability distributions and potentials

A.3.1 Discrete probability distributions

In the previous section we designed the basic functionality for representation of dis-
crete distributions. For one-dimensional and multi-dimensional distributions we can
use the DoubleArray design basically asit is. There is though a slight problem. How
do we keep track of what dimension is representing what variable? We need some
kind of mapping function between variables and dimensions. In table A.1 a mapping

function, representedby alookup-table, is given. It is denoted . Thisis
the mapping function for the threevariables , and thataregivenin gur eA.2.
The notation - is used to distinguish between dimensions (- ,- ,®, ) and indices
1,2,3, ).

Implementatiomotes:Assume that eachvariable is implemented asa classcalled Vari-

able . We canthen useasingle array of type Variable[] to implement abinary one-
to-one map. For now, lets call it varMap . The length of the array is equal the number
of variables in the distribution. The mapping function from dimension index to the
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dimension variable

-

®

Table A.1: The lookup-function that maps the dimension indices -, - , and ®, to the
threevariables , and ,respectively.

Variable is just a simple varpMap[ -1] where is the index of the dimension?!. To
nd the index corresponding to a certain variable we have to do alinear search.

A.3.2 Discrete conditional probability distributions

To representdiscrete conditionaldistributions we can also use a multi-way array, where

the rst dimension is reservedfor distribution of the dependant variable and all other

dimensions representthe conditioning variables. In gur e A.3 the probability function
is representedasa three-dimensional multi-way array.
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Figure A.3: The discrete conditional probability function is representedas

amulti-way array. hasfour statesand and hasboth threestates.

A.3.3 Discrete potentials

Potentials canalso be representedasmulti-way arrays. Consider two potentials  and
on the variable sets and , respectively. , and
have 2, 3 and 3 states,respectively. See gur e A.4. Potentials also need a mapping

function between variables and dimension indices in the multi-way array. We use the

samedesign asbefore.

A.3.4 Multiplication of potentials and probabilities

The multiplication of  and is a potential  , where . It is denoted
. Each iscomputed by rst identifying the instantiation of and  that
are consistentwith . The is then assignedthe product

1The subtraction of one is becausewe assumeJavaor C arrays which have zero-basedindices.
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Figure A.4. Left: The potential over the variable set is repre-
sented by a -dimensional array. Middle: The potential over the variable
set is representedby a -dimensional array. Right: The potential

over the variable set is representedby a -dimensional array.

Variable Variable

= - =

- - -

® ®

J

Table A.2: Left: The mapping function between the dimensions in potential
and potential . Right: The mapping function between the dimensions in po-
tential and potential

Sincethe setup of variable setare made during run-time we cannot make any assump-
tions about the order of the variables in the set?. In our example, let us say that (after
creating ajunction treefor instance)we get and atherefore a poten-
tial with dimensions . See gur e A.4. To speed up the processof nding
consistent values during the multiplication, we can createtwo mapping functions be-
tween the indices in and , and between the indices in and . We denote
theseindices , ,and ,respectively. So,we needtwo functions and
. In order to do this, we rst haveto nd how the dimensions in each
multi-way array mapsto eachother. It is only necessaryto have the mapping from to
and from to |, respectively. The reasonfor this will come clear later. Lets denote

thesemapping functions as and . We seethat the rst

dimension in is the one corresponding to variable . This variable is found on
the second dimension in . The second dimension in () is found on dimen-
sion = and the third dimension () is found on dimension ® in . This gives us the
dimension map - = ® . Similar we get that ® - . See

table A.2. The mapping functions can be implemented as arrays of integers (int[] )
with length equal to the number of variables in cluster and cluster , respectively.

When multiplying we step through element by element. After a while we reach,

lets say, the element with index . This element correspond to state a
, and denote the corresponding potential . Also, let =
denote the rst element in C ) - denote the second element in C )

20One should never make assumption about the order of elementsin sets If ordered setsare needed,
the conceptof lists or sequenceshould be used.
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and so on. Now, since the dimension map isequalto - - ® , we nd

the consistent state asthe element with index

- = ® in . In the sameway do we get that the element
with index ® = corresponds to the consistent
state . Now we can perform the multiplication and as-
sign the result to the element at in

In pseudo-codethe algorithm for multiplication betweentwo potentials can be written
as

ALGORITHM 13 (MULTIPLICATION OF POTENTIALS AND )

1. Calculate the intersection

2. Createthe mapping functions and

3. Createa new potential to storethe result.
4. For eachelementin with index ;

(a) Getthe index  of the state element in that is consistent with using

map
FOR TO rank(A)
Assign to index element in  the :th value of

(b) Getthe index  of the state element in that is consistent with using

map
FOR TO rank(B)
Assign to index element in  the :th value of

(c) Multiply the two elementsin and  with index and ,respectively,
and savethe result in at element with index ;

The multiplication of the potential and the probability distribution is a poten-
tial ,where . It is denoted . Each is computed by
rst identifying the instantiation of and  that are consistentwith . The

is then assignedthe product
Not surprisingly , the multiplication between a potential and a probability function is

de ned the sameway asthe multiplication between two potentials. Similarly, is the
multiplication between two probability functions.
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Appendix B

XML Belief Network File Format

B.1 Background

During some years now, one has in the Uncertainty and Arti cial Intelligence (UAI)

community ! discussed the need of an interchange format for Bayesiannetworks. Sev-
eral formats have been designed, most by individual developers. Examples are the
Net Languageby the HUGIN Expert A/S and the BayesianNetwork InterchangeFormat
(BNIF) by Micr osoft Reseach.

During the 1998Conferenceon Uncertainty in Arti cial Intelligence (UAI '98) the com-
munity decided to develop alanguage basedon XML (seebelow), which was by then
becoming awidely used language for the Web. At the time of writing, thereis not one
standardized XML belief network le format, but a small number of well-documented

XML formats from different developers. This report making use of the XBN-format

[Dec99, a draft developed and posted by the Decision Theory & Adaptive Systems
Group at Micr osoft Reseach? (DTAS).

In the next section, the XML-language will be introduced. A brief overview of the
XBN-format will then follow .

B.2 XML - Extensible Markup Language

Extensible Markup Language (XML ™) is a data format for structured document in-
terchange, initially designed for the Internet, but now also to be used in intranets and
on le systems. It is notasingle, prede ned markup language, but a meta-languageA
meta-language is alanguage for describing other languages. XML is a “extr emely sim-
ple dialect” of the international standard meta-language for markup, SGML?3. Using
XML we cande ne our own markup language, one for eachclassof document? there

!For more information about the Association for Uncertainty in Articial Intelligence see
http://www .auai.org

The home page of the Decision Theory & Adaptive Systems Group is
http://iwww .research.microsoft.com/r eseach/dtg/bnformat

3Standard Generalized Markup Language (ISO 8879).

“The de nition of the term documenis exible. It is not necessarythat it should be visually presented.
It can also be used for describing a data structure, such asa Bayesiannetwork, which is read by an expert
system.
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are.

Responsible for the speci cation is the XML Working Group of the World Wide Web
Consortium (W3C)®. The language is not a proprietary development of any company.
Instead it is a public format. The v1.0 speci cation [TNMolaC98] was acceptedby the
W3C asRecommendation in February 1998.

There are several commercial and non-commercial software packagesin almost any
language parses XML-documents. Currently, are using the XML Parserfor Java
from AlphaW orks at IBM. It is afreeparser that can be downloaded at

http://www .alphaworks.ibm.com/formula/xml

In the futur e, it is probably very easyto exchangethis parser for another one, if one
would like to.

B.3 XBN - XML Belief Network File Format

Remember that, even though the XML-language is a standardize language, the XBN-
format described here, which is basedon XML, is not standardized. It is developed by
Micr osoft Reseach.

The XBN-format is fully de ned in the document-type description le xbn.dtd pro-
vided by Microsoft Reseach and is basedon XML version 1.0. The content of the le is
printed in B.3.1and there is also a description how to download the le from Internet.
This le contains the language de nition and is written in a meta-language. The only
thing neededis to declare the document type on the rst line of the XBN- le:

<IDOCTYPE ANALYSISNOTEBOK SYSTEM"xbn.dtd">

An XBN- le contains exactly one top-level document called ANAL YSISNOTEBOOK ,
which in itself can contain one or more Bayesnets documents (BNMODEL ). In g-
ure B.1, the structure (hierarchy) of the elementsin an XBN- le is displayed. The ac-
tual XBN-language is de ned in B.3.1. For an example of an XBN- le seeone of the
Bayesiannetworks listed in appendix C.

For more detailed information about the XBN format see[Dec99].

SFor more information about the W3C seehttp://www .w3.0rg
5According to DTAS the analysis book “will be extended over time to encompassother types of objects;
for example, collections of data, databaseconnection and query information, and soon”.
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PROPERTIES
common properties
for XBN networks

DYNAMIC-
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user-de ned
properties for the
network and its
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ANAL YSIS-
NOTEBOOK BNMODEL VARIABLES
acollection of —— asingle Bayesian the random variables
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Figure B.1: A simpli ed graph explaining the element hierarchy of an XBN- le.
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B.3.1 The Document Type Description File - xbn.dtd
The le xbn.dtd printed in this section can be downloaded at

http://mww .reseach.microsoft.com/r eseach/dtg/bnformat/xbn_dtd.html

<?xml encoding="US-ASCII"?>

<l--  DTD for sets of belief network models -->
<IELEMENT ANALYSISNOTEBOOKBNMODEL)+>
<IATTLIST ANALYSISNOTEBOOK
NAMEID #REQUIRED
ROOTIDREF #IMPLIED
FILENAME CDATA #IMPLIED>

<l-- a single belief network -->
<IELEMENT BNMODEL( STATICPROPERTIES
| DYNAMICPROPERTIES
| VARIABLES
| STRUCTURE
| DISTRIBUTIONS
)+>

<IATTLIST BNMODELNAMEID #REQUIRED>

<l-- comment element declarations -->
<IELEMENT COMMENT#PCDATA)>
<IELEMENT PROPVALUE#PCDATA)>
<IELEMENT STATENAME#PCDATA)>
<IELEMENT PROPERTY(PROPVALUE)+>

<IATTLIST PROPERTYNAMENMTOKENREQUIRED>
<IELEMENT PROPXML(#PCDATA)>

<IATTLIST PROPXMLNAMENMTOKEN/REQUIRED>

<l--  static header declaration section -->
<IELEMENT STATICPROPERTIES (#PCDATA | FORMAT| VERSION| CREATOR)*>
<IELEMENT FORMATEMPTY>
<IATTLIST FORMATVALUE CDATA"MSR DTAS XML">
<IELEMENT VERSION EMPTY>
<IATTLIST VERSION VALUE CDATA #REQUIRED>
<IELEMENT CREATOREMPTY>
<IATTLIST CREATORVALUE CDATA#IMPLIED>

<l--  dynamic properties declaration section  -->
<IELEMENT DYNAMICPROPERTIESPROPERTYTYPE|PROPERTY|PROPXML)+>
<I[ELEMENT PROPERTYTYPECOMMENT)?>
<IATTLIST PROPERTYTYPE
NAMENMTOKEN4REQUIRED
ENUMSETNMTOKENS#MPLIED
TYPE (real | string | realarray | stringarray | enumeration) "string">

<l--  random variables declaration section  -->
<IELEMENT VARIABLES (VAR)+>
<IELEMENT VAR ( STATENAME| PROPERTY| PROPXML| DESCRIPTION )+>
<IATTLIST VAR
TYPE (discrete | continuous) "discrete"
NAMENMTOKEN4REQUIRED
XPOS CDATA #IMPLIED
YPOS CDATA #IMPLIED>
<I[ELEMENT DESCRIPTION (#PCDATA)>

<l--  topological dependency structure information ->
<IELEMENT STRUCTUREHARC|MEMBER)*>
<l--  specify dependency arc -->

<I[ELEMENT ARC EMPTY>
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<IATTLIST ARC
PARENT NMTOKEN4REQUIRED
CHILD NMTOKEN4REQUIRED>
<l--  specify set inclusion for parentless variables ->
<I[ELEMENT MEMBEREMPTY>
<IATTLIST MEMBERNAMENMTOKENREQUIRED>

<I--  distributions ->

<IELEMENT DISTRIBUTIONS (DIST)*>
<IELEMENT DIST ( (CONDSET)?, ( ( (PRIVATE|SHARED), DPIS)
<IATTLIST DIST
TYPE (discrete|ci) "discrete"
FUNCTYPE(max|plus) #IMPLIED>

<l--  conditioning set declaration -->
<IELEMENT CONDSET(CONDELEM)*>
<I[ELEMENT CONDELEMEMPTY>
<IATTLIST CONDELEM
NAME NMTOKEN{REQUIRED
STATES CDATA #IMPLIED>

<l--  private/shared declarations -->
<IELEMENT PRIVATE EMPTY>
<IATTLIST PRIVATE NAMENMTOKEN{REQUIRED>
<I[ELEMENT SHAREDEMPTY>
<IATTLIST SHARED
NAMENMTOKEN{REQUIRED
STATES CDATA #IMPLIED>

<l--  discrete parent instantiation probability vectors
<IELEMENT DPIS (DPI)*>
<IELEMENT DPI (#PCDATA)>
<IATTLIST DPI INDEXES NMTOKENS{IMPLIED>

<l--  distribution reference  (binding) declaration ->
<IELEMENT REFERENCEEMPTY>
<IATTLIST REFERENCE
VAR NMTOKEN4REQUIRED
SHAREDDIST NMTOKENYREQUIRED>

REFERENCEH )*>
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Appendix C

Some of the networks In
XBN-format

C.1 “lcy Roads”

lcyRoads.xml |

<IDOCTYPE ANALYSISNOTEBOOKYSTEM "xbn.dtd">

<BNMODELNAME="IcyRoads">
<STATICPROPERTIES>
<FORMATVALUE="MSR DTAS XML"/>
<VERSION VALUE="0.2"/>

</STATICPROPERTIES>
<VARIABLES>
<VAR NAME="Watson" TYPE="discrete" XPOS="340"
<DESCRIPTION>Watson</DESCRIPTION>
<STATENAME>yes</STATENAME>
<STATENAME>no</STATENAME>
</VAR>

<DESCRIPTION>Holmes</DESCRIPTION>
<STATENAME>yes</STATENAME>
<STATENAME>no</STATENAME>

</VAR>

<DESCRIPTION>Icy</DESCRIPTION>
<STATENAME>yes</STATENAME>
<STATENAME>no</STATENAME>
</VAR>
</VARIABLES>

<STRUCTURE>
<ARC PARENT="Icy" CHILD="Watson"/>
<ARC PARENT="Icy" CHILD="Holmes"/>
</STRUCTURE>

<DISTRIBUTIONS>
<DIST TYPE="discrete">
<PRIVATE NAME="Icy"/>
<DPIS>
<DPI> 0.7 0.3</DPI>
</DPIS>
</DIST>

<DIST TYPE="discrete">
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<ANALYSISNOTEBOOKNAME="Notebook.lcyRoads" ROOT="IcyRoads">

<CREATORVALUE="Henrik Bengtsson, hb@maths.lth.se"/>

<VAR NAME="Holmes" TYPE="discrete" XPOS="0" YPOS="10">

<VAR NAME="Icy" TYPE="discrete" XPOS="170" YPOS="110">
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<CONDSET>
<CONDELEMNAME="Icy"/>
</CONDSET>
<PRIVATE NAME="Holmes"/>
<DPIS>
<DPI INDEXES=" 0 "> 0.8 0.2</DPI>
<DPI INDEXES=" 1 "> 0.1 0.9</DPI>
</DPIS>
</DIST>

<DIST TYPE="discrete">
<CONDSET>
<CONDELEMNAME="Icy"/>
</CONDSET>
<PRIVATE NAME="Watson"/>
<DPIS>
<DPI INDEXES=" 0 "> 0.8 0.2</DPI>
<DPI INDEXES=" 1 "> 0.1 0.9</DPI>
</DPIS>
</DIST>
</DISTRIBUTIONS>
</BNMODEL>
</ANALYSISNOTEBOOK>

C.2 “Year2000”

| Year2000.xml |

<IDOCTYPE ANALYSISNOTEBOOKYSTEM"xbn.dtd">
<ANALYSISNOTEBOOKNAME="Notebook.Year2000" ROOT="Year2000">
<BNMODELNAME="Year2000">
<STATICPROPERTIES>
<FORMATVALUE="MSR DTAS XML"/>
<VERSION VALUE="0.2"/>
<CREATORVALUE="Henrik Bengtsson, hb@maths.Ith.se"/>
</STATICPROPERTIES>
<VARIABLES>
<VAR NAME="Electricity" TYPE="discrete" XPOS="130" YPOS="180">

<DESCRIPTION>Electricity</DESCRIPTION>
<STATENAME>Working</STATENAME>
<STATENAME>Reduced</STATENAME>
<STATENAME>Not Working</STATENAME>

</VAR>

<VAR NAME="Telecom" TYPE="discrete" XPOS="280" YPOS="180">
<DESCRIPTION>Telecom</DESCRIPTION>
<STATENAME>Working</STATENAME>
<STATENAME>Reduced</STATENAME>
<STATENAME>Not Working</STATENAME>

</VAR>

<VAR NAME="Air_Travel" TYPE="discrete" XPOS="170" YPOS="90">
<DESCRIPTION>AIir Travel</DESCRIPTION>
<STATENAME>Working</STATENAME>
<STATENAME>Reduced</STATENAME>
<STATENAME>Not Working</STATENAME>

</VAR>

<VAR NAME="Rail* TYPE="discrete" XPOS="90" YPOS="90">
<DESCRIPTION>Rail</DESCRIPTION>
<STATENAME>Working</STATENAME>
<STATENAME>Reduced</STATENAME>
<STATENAME>Not Working</STATENAME>

</VAR>

<VAR NAME="US_Banks" TYPE="discrete" XPOS="320" YPOS="90">
<DESCRIPTION>US Banks</DESCRIPTION>
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<STATENAME>Working</STATENAME>
<STATENAME>Reduced</STATENAME>
<STATENAME>Not Working</STATENAME>

</VAR>

<VAR NAME="US_Stocks" TYPE="discrete" XPOS="280" YPOS="0">
<DESCRIPTION>US Stocks</DESCRIPTION>
<STATENAME>Up</STATENAME>
<STATENAME>Down</STATENAME>
<STATENAME>Crash</STATENAME>

</VAR>

<VAR NAME="Utilities" TYPE="discrete" XPOS="240" YPOS="90">
<DESCRIPTION>Utilities</DESCRIPTION>
<STATENAME>Working</STATENAME>
<STATENAME>Moderate</STATENAME>
<STATENAME>Severe</STATENAME>
<STATENAME>Failure</STATENAME>

</VAR>

<VAR NAME="Transportation" TYPE="discrete" XPOS="130" YPOS="0">

<DESCRIPTION>Transportation</DESCRIPTION>
<STATENAME>Working</STATENAME>
<STATENAME>Moderate</STATENAME>
<STATENAME>Severe</STATENAME>
<STATENAME>Failure</STATENAME>

</VAR>

</VARIABLES>

<STRUCTURE>
<ARC PARENT="Electricity" CHILD="Telecom"/>
<ARC PARENT="Electricity" CHILD="Air_Travel"/>
<ARC PARENT="Electricity" CHILD="Rail"/>

<ARC PARENT="Telecom" CHILD="US_Banks"/>
<ARC PARENT="US_Banks" CHILD="US_Stocks"/>

<ARC PARENT="Utilities" CHILD="US_Stocks"/>
<ARC PARENT="Transportation" CHILD="US_Stocks"/>
<ARC PARENT="Electricity" CHILD="Utilities"/>

<ARC PARENT="Telecom" CHILD="Utilities"/>
<ARC PARENT="Rail* CHILD="Transportation"/>
<ARC PARENT="Air_Travel" CHILD="Transportation"/>

</STRUCTURE>

<DISTRIBUTIONS>

<DIST TYPE="discrete">
<PRIVATE NAME="Electricity"/>
<DPIS>
<DPI>0.6 0.3 0.1</DPI>
</DPIS>
</DIST>

<DIST TYPE="discrete">
<CONDSET>
<CONDELEMNAME="Electricity"/>
</CONDSET>
<PRIVATE NAME="Telecom"/>
<DPIS>
<DPI INDEXES="0">0.8 0.15 0.05</DPI>
<DPI INDEXES="1">0.6 0.3 0.1 </DPI>
<DPIl INDEXES="2">0.1 0.3 0.6 </DPI>
</DPIS>
</DIST>

<DIST TYPE="discrete">
<CONDSET>
<CONDELEMNAME="Electricity"/>
</CONDSET>
<PRIVATE NAME="Air_Travel"/>
<DPIS>
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<DPI INDEXES="0">0.6 03 01
<DPI INDEXES="1">0.3 04 0.3
<DPI INDEXES="2">0.0 03 07
</DPIS>
</DIST>

<DIST TYPE="discrete">
<CONDSET>
<CONDELEMNAME="Electricity"/>
</CONDSET>
<PRIVATE NAME="Rail"/>
<DPIS>
<DPI INDEXES="0">0.7 0.2 0.1
<DPI INDEXES="1">0.5 0.3 0.2
<DPI INDEXES="2">0.1 0.2 0.7
</DPIS>
</DIST>

<DIST TYPE="discrete">
<CONDSET>
<CONDELEMNAME="Telecom"/>
</CONDSET>
<PRIVATE NAME="US_Banks"/>
<DPIS>
<DPI INDEXES="0">0.7 0.2 0.1

<DPI INDEXES="1">0.5 03 0.2
<DPI INDEXES="2">0.1 0.3 0.6
</DPIS>
</DIST>

<DIST TYPE="discrete">

<CONDSET>
<CONDELEMNAME="US_Banks"/>
<CONDELEMNAME="Utilities"/>
<CONDELEMNAME="Transportation"/>

</CONDSET>

<PRIVATE NAME="US_Stocks"/>

<DPIS>

<DPI INDEXES="0 0 0">1 0

<DPI INDEXES="0 0 1">0.8 0.2
<DPI INDEXES="0 0 2">0.5 0.5
<DPI INDEXES="0 0 3">0.1 0.9
<DPI INDEXES="0 1 0">0.8 0.2
<DPI INDEXES="0 1 1">0.5 0.5
<DPI INDEXES="0 1 2">0.1 0.9
<DPI INDEXES="0 1 3">0 0.8
<DPI INDEXES="0 2 0">0 1

<DPI INDEXES="0 2 1">0 0.99
<DPI INDEXES="0 2 2">0 0.95
<DPI INDEXES="0 2 3">0 0.9
<DPI INDEXES="0 3 0">0 0.9
<DPI INDEXES="0 3 1">0 0.85
<DPI INDEXES="0 3 2">0 0.5
<DPI INDEXES="0 3 3">0 0.7
<DPI INDEXES="1 0 0">0 1

<DPI INDEXES="1 0 1">0 0.99
<DPI INDEXES="1 0 2">0 0.9
<DPI INDEXES="1 0 3">0 0.85
<DPI INDEXES="1 1 0">0 0.85
<DPI INDEXES="1 1 1">0 0.8
<DPI INDEXES="1 1 2">0 0.75
<DPI INDEXES="1 1 3">0 0.7
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</DPI>

</DPI>
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</DPI>
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0.01</DPI>
0.1 </DPI>
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<DPI
<DPI
<DPI
<DPI

<DPI
<DPI
<DPI
<DPI

<DPI
<DPI
<DPI
<DPI

<DPI
<DPI
<DPI
<DPI

<DPI
<DPI
<DPI
<DPI

<DPI
<DPI
<DPI
<DPI
</DPIS>
</DIST>

INDEXES="1
INDEXES="1
INDEXES="1
INDEXES="1

INDEXES="1
INDEXES="1
INDEXES="1
INDEXES="1

INDEXES="2
INDEXES="2
INDEXES="2
INDEXES="2

INDEXES="2
INDEXES="2
INDEXES="2
INDEXES="2

INDEXES="2
INDEXES="2
INDEXES="2
INDEXES="2

INDEXES="2
INDEXES="2
INDEXES="2
INDEXES="2

<DIST TYPE="discrete">
<CONDSET>
<CONDELEMNAME="Telecom"/>
<CONDELEMNAME="Electricity"/>
</CONDSET>
<PRIVATE NAME="Utilities"/>

<DPIS>
<DPI
<DPI
<DPI

<DPI
<DPI
<DPI

<DPI
<DPI
<DPI
</DPIS>
</DIST>

INDEXES="0
INDEXES="0
INDEXES="0

INDEXES="1
INDEXES="1
INDEXES="1

INDEXES="2
INDEXES="2
INDEXES="2

<DIST TYPE="discrete">
<CONDSET>
<CONDELEMNAME="Rail"/>
<CONDELEMNAME="Air_Travel"/>
</CONDSET>
<PRIVATE NAME="Transportation"/>

<DPIS>
<DPI
<DPI
<DPI

<DPI
<DPI
<DPI

INDEXES="0
INDEXES="0
INDEXES="0

INDEXES="1
INDEXES="1
INDEXES="1

0">0
1">0
2">0
3">0

NN N

0">0
1">0
2">0
3">0

W www

0">0
1">0
2">0
3">0

[eNeoNoNe)

0">0
1">0
2">0
3">0

R R R

0">0
1">0
2">0
3">0

NN NN

0">0
1">0
2">0
3">0

W www

0">1
1">0.7
2">0

0">0.7
1">0.4
2">0

0">0
1">0
2">0

0">1
1">0.7
2">0.5

0">0.7
1">0.5
2">0.4

0.75 0.25</DPI>
0.7 0.3 </DPI>
0.6 0.4 </DPI>
05 0.5 </DPI>
0.7 0.3 </DPI>
0.65 0.35</DPI>
0.6 0.4 </DPI>
0.5 0.5 </DPI>
0.6 0.4 </DPI>
0.5 0.5 </DPI>
0.4 0.6 </DPI>
0.3 0.7 </DPI>
0.5 0.5 </DPI>
0.4 0.6 </DPI>
0.3 0.7 </DPI>
0.2 0.8 </DPI>
0.4 0.6 </DPI>
0.3 0.7 </DPI>
0.2 0.8 </DPI>
0.1 0.9 </DPI>
0.3 0.7 </DPI>
0.2 0.8 </DPI>
0.1 0.9 </DPI>
0 1 </DPI>
0 0 0 </DPI>
03 O 0 </DPI>
0.6 0.35 0.05</DPI>
02 01 O </DPI>
0.3 0.2 0.1 </DPI>
03 05 0.2 </DPI>
04 05 0.1 </DPI>
0 0.4 0.6 </DPI>
0 0 1 </DPI>
0 0 0 </DPI>
03 O 0 </DPI>
03 02 O </DPI>
02 01 O </DPI>
03 02 O </DPI>
03 0.2 0.1 </DPI>
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242 <DPI INDEXES="2 0">0.5 02 03 O </DPI>
243 <DPI INDEXES="2 1">0.4 02 03 0.1 </DPI>
244 <DPI INDEXES="2 2">0 0 0.1 0.9 </DPI>
245 </DPIS>

246 </DIST>

247

248 </DISTRIBUTIONS>

249 </BNMODEL>

250| </ANALYSISNOTEBOOK>
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Appendix D

Simple script language for the
-tool

D.1 XBNScript

D.1.1 Some of the scripts used in this project

D.1.2 IcyRoads.script.xml

IcyRoads.script.xml

<?xml version="1.0"?>
<IDOCTYPE XBNSCRIPT SYSTEM"xbnscript.dtd">

<XBNSCRIPT>

<ECHO> Fikkkkk *<|ECHO>
<ECHO>Icy Roads</ECHO>

<ECHO/>

<ECHO>This example is taken from</ECHO>

<ECHO>"An Introduction to Bayesian Networks"</ECHO>
<ECHO>Finn V. Jensen, 1996</ECHO>

<ECHO> Fidkkkkk - *<|ECHO>
<ECHO>Loading network...</ECHO>

<LOAD FILENAME="IcyRoads.xml"/>

<ECHO>OK</ECHO>

<ECHO/>

<SAVE FILENAME="IcyRoads.tex" WHAT="BN" FORMAT="LaTeX">
<PARAMETERNAME="CommandName">IcyRoads</PARAMETER>
<PARAMETERNAME="Details">0</PARAMETER>

</SAVE>

<SAVE FILENAME="IcyRoads.tex" WHAT="BN" FORMAT="LaTeX">
<PARAMETERNAME="Append">yes</PARAMETER>
<PARAMETERNAME="CommandName">IcyRoadsPriori</PARAMETE R>
<PARAMETERNAME="Details">3</PARAMETER>

</SAVE>

<SAVE FILENAME="IcyRoads.tex" WHAT="JoinTree" FORMAT="LaTeX">
<PARAMETERNAME="Append">yes</PARAMETER>
<PARAMETERNAME="CommandName">IcyRoadsJoinTree</PARAME TER>

</SAVE>

<l--  Display the distribution for all variables ->
<DISPLAY VAR="*"/>

<l--  Observations -->

<ECHO> *kkkkkk *kkkkkk *</ECH O>
<ECHO>* "The information that Watson has crashed</ECHO>

<ECHO>* updates the probability that the roads are</ECHO>
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<ECHO>* icy and that Holmes also has crashed."</ECHO>

<ECHO> *kkkkkk *kkkkk **</ECH O>
<OBSERVEVAR="Watson" STATENAME="yes"/>

<l--  Global propagation -->

<UPDATE/>

<DISPLAY VAR="Icy"/>

<DISPLAY VAR="Holmes"/>

<SAVE FILENAME="IcyRoads.tex" WHAT="BN" FORMAT="LaTeX">
<PARAMETERNAME="Append">yes</PARAMETER>
<PARAMETERNAME="CommandName">IcyRoadsW</PARAMETER>
<PARAMETERNAME="Details">3</PARAMETER>

</SAVE>

<ECHO> *kkkkkk *kkkkk **</ECH O>
<ECHO>* "At last, when Inspector is convinced that the</ECHO>
<ECHO>* roads are not icy, then P(H|l=n)=(0.1,0.9)."</ECHO>

<ECHO> *kkkkkk *kkkkk *~k</ECH O>
<OBSERVEVAR="Icy" STATENAME="no"/>

<l--  Global propagation ->

<UPDATE/>

<DISPLAY VAR="Holmes"/>

<SAVE FILENAME="IcyRoads.tex" WHAT="BN" FORMAT="LaTeX">
<PARAMETERNAME="Append">yes</PARAMETER>
<PARAMETERNAME="CommandName">IcyRoadsWI</PARAMETER>
<PARAMETERNAME="Details">3</PARAMETER>

</SAVE>

<l--  Remove all observations -->

<ECHO> xxxxkkk *</[ECH O>
<ECHO>* Resetting network</ECHO>

<ECHO> wxxxkkk *</ECH O>
<RESET/>

<DISPLAY VAR="*"/>

</XBNSCRIPT>
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