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Abstract

In this papera statisticalforecastingmodeldesignedfor boundedareasof
near-surfaceoceanwind speedsis implemented.

Dimensionreductionisachievedby decomposingthecovariancestructure
into onelarge-scaleandonesmall-scalecomponentusingempiricalorthogonal
functions. The large-scalecomponentis modelledwith an AR processand
forecastsarecalculatedby applyingaKalman�lter.

Themodelissuitedfor stableweathersituationsasfor unsteadysituations
it requiresmorefrequentwindinformation.Fromthepredictionvariance�elds
it ispossibleto identifywhereunexpectedweatherusuallyentersthearea.
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1 Introduction

In thispaperastatisticalforecastingmodelfor near-surfacewindspeedsisimplemen-
ted. Thefocuswill beon its performanceasaforecastingtool andnot on its spatial
predictioncharacteristics.A modellike this ismotivatedby operationsatseasuchas
tow-outsof platforms,deckmatings,layingof submarinetelecommunicationcables
or of pipelines.Theseoperationsaremanageableonlyduringcertain weathercondi-
tionsandhencetheyrequireforecastswhichareupdatedwith thelatestinformation.
In this contexta statisticalforecastingtool suchasthe oneproposedin this paper
workswell.

Traditionalpredictionmethodsof aspatialprocessY(t) �

�

Y(s1; t) � Y(s2; t) ���������

Y(sN ; t) �

T
at (sN � 1; t) usethe kriging interpolationscheme,cf. Cressie(1993).

Whendatafrom the pastare availablea Kalman�lter approachcanbeappliedto
aggregatethepastandpresentinformationto improve theestimateat (sN � 1; t). In
environmentalstatisticsHuangandCressie(1996)wereperhapsthe�rst authorsto
fully implementsuchaspace-timeKalman�lter idea.In contrastto predictionmod-
elsonlymakinguseof datafrom thepresenttheymakeuseof datafrom thepastby
modellingtheunderlyinglarge-scaleprocessasanAR(p) process.

In manyapplicationsthe numberof dimensionsN is too largefor a modelto
becomputableandhencea dimensionreductionhasto bedone. For this purpose
empiricalorthogonalfunctionshave proven to bea tractablemethod. In meteoro-
logyempiricalorthogonalfunctionswasintroducedby Lorenz(1956).vandenDool
et al. (2000)implementedasimilarmethodcalledempiricalorthogonalteleconnec-
tions,for meantemperatures,soilmoistures,etc.In somecasesempiricalorthogonal
functionshave resemblancewith physicallyexplainablemodeswhich makesit an
interestingmethod.

Wikle and Cressie(1999)successfullycombinedthe space-timeKalman�lter
with the dimensionreductionideafor near-surfacewindsover the Paci�c ocean.
They show how the spatialkriging predictorwill developusingthe Kalman�lter
algorithm. Our paperis closelyrelatedto the paperby Wikle andCressie(1999)
andfocuson thepredictionaspectsof thismodel.Weare interestedin theforecast
of Y(si ; t � 1) � i 	�
 1 �������
� N � where Y is theeast-west(zonal)near-surfacewind
componentover theNorth Atlanticocean.For thegeneralspace-timeKalman�lter
model,seeCressieandWikle (2002).

Brie�y, the ideais the following. In a large-scalesensethe weatheris assumed
to bea superpositionof dominantweathermodes.From time to time thesemodes
vary in in�uencethroughtheir respectivecoef�cient.By assuminganautoregressive
modelfor thedominantmodesa correspondingautoregressive statespaceequation
for themodecoef�cientscanbederived.Theforecastof thesearethenimplemented
in aKalman�lter . In additionto reducingthenumberof statesthisapproachmakes
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it possibleto separatespacefrom time so that the basisfunctionsare �x ed �elds
whereasthecoef�cientsaretheonlyparameterswhicharetimedependent.

Thepaperisorganisedasfollows.Section2 introducesthewind datawhichwill
beusedto estimatethestatisticalmodel.Thestatisticalmethodologyisexplainedin
Section3. Thechoiceof modelfor thewindswill givedifferentresultsandSection4
describestwo alternative models.Also,Section4 containsa discussionon how to
estimatethe error processes.The resultsfrom the implemented�lter is presented
in Section5 and�nally Section6 containsconclusionsandsuggestionsfor further
research.

2 ECMWF data

Thissectiondescribesthewind datawhichthestatisticalmodelwill bebasedupon.
The materialconsistsof analysesandforecastsof near-surfacewind vector�elds (in
metersper second)providedby the EuropeanCentre for Medium-RangeWeather
Forecasts(ECMWF).Foradetaileddescriptionof theECMWFproducts,seePersson
(2001).

Theanalysesarebasedon globalobservationsandon thepreviousforecast.The
observationsaregivenasinputsto aclimatologicalmodelwhich�ts theobservations
to the previousforecast.The analysesare thenusedasinput to a systemof partial
differentialequations(PDE),whichgivesasmoothforecastestimateof near-surface
oceanwind speeds.From oneanalysisa forecastis calculatedby iterationof the
PDE until the desired leadtime k � tp is reached.In this papertp � 6 hoursand
k �


 1 � 2 � 3 � .
Theanalysesandforecastsweconsiderin thispaperare locatedin thearea

�

�

(320� 5� E � 339� E � 48� 5� N � 57� N ) with aresolutionof 0 � 5� by 0 � 5� . Thisconsti-
tutesaregulargridS �


 s1 � s2 �������
� sN � of size38 � 18andatotalofN � 684points.
For azero meanclimatologicaleast-westward windcomponent�eld at timet weuse
thenotationy(t) �

�

y(s1; t) � y(s2; t) ��������� y(sN ; t) �

T
� si 	 Sfor i �


 1 ��������� N � . For
themoment,to separateanalysesfromforecasts,let ya(t) betheECMWF analysisat
t andlet yf (t � tp) bethe ECMWF forecastat t � tp. Figure 1 showsanexample
of theforecastedeast-westward wind �eld yf (t0 � 3tp) at 06:00UTC1 December3,
1999.

Weareconsideringthefollowingtimeseries:
�

ya(t0) � yf (t0 � tp) � yf (t0 � 2tp) � yf (t0 �

3tp) � ya(t0 � 4tp) ������� � , wheret0 isthetimeof the�rst analysis.Thisimpliesthatevery
fourth �eld, whichis ananalysis,is obtainedin adifferentmannersinceananalysis
is basedon new informationbroughtinto the climatologicalmodel. On the other
hand,we couldhave chosento work with a time seriesconsistingof forecastsonly
but with our choiceof datasetwewill updateour modelwith thebestinformation

1All timesarerelatedto thecoordinateduniversaltime(UTC) scale.
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available.In thefollowingwewill not makeanydistinctionbetweenananalysisand
aforecast.

3 Methodology

A statisticalmodelbasedonECMWFeast-westwindvelocitieswill beconstructedto
obtainforecastsof thelarge-scalewind�elds, i.e. thedominantwindmodesinherent
in thewind �eld. The resultingmodelwill besomethinglike a statisticalemulator
of theclimatologicalmodelwhichwasusedto forecasttheECMWF winds.Wewill
usethestatisticalmodelasatool for forecasting.

Calculationsof analysesand forecastsdependon a initial value,cf. Persson
(2001). The initial valueitself is an estimationof the climatologyand therefore
the zero meanECMWF wind y(si ; t) is treatedasan observation of a stochastic
variableY(si ; t) with meanm(si ; t) � 0 andstandard deviation � (si ; t) �

�

i
�

t.
For theN -dimensionalstochasticvariableY(t) �

�

Y(s1; t) � Y(s2; t) �������
� Y(sN ; t) �

T

we assumeE(Y(t)) � 0 and a time-invariantcovariancematrix � with elements
� i � j

� Cov(Y(si) � Y(sj)). Brie�y, this impliesthat for a zero meanwind �eld any
structuralbehaviouris dueto random�uctuationswhicharestationary in time but
not in space.

3.1 Dimensionreduction

A state-spacemodelwith states
�

Y(s1; t) ��������� Y(sN ; t) �

T
isoftenatoo largemodelto

handle.Onepossibilityto reducethenumberof statesisto decomposethe�eld with
asetof basisfunctionsandkeepthebasisfunctionswhichtogethercorrespondsto a
majorpart of thevariance.In thisstudywewill usetheKarhunen-Loèveexpansion,
alsoknown astheexpansionin empiricalorthogonalfunctions,cf. Yaglom(1987).
If dataare de�ned on a regulargrid in spacethe empiricalorthogonalfunctions
are essentiallyequalto the principalcomponents,cf. Buell (1971). The method
of usingempiricalorthogonalfunctionsfor dimensionreductionwasintroducedin
meteorologyandclimatologyby Lorenz(1956). Our paperis inspiredby thework
doneby WikleandCressie(1999)whofoundthatthismethodmightbeausefultool
for space-timepredictionof wind �elds. Wereferto empiricalorthogonalfunctions
aseigenvectorsof thecovariancematrix � .

Let � k bethek:th eigenvalueof � correspondingto theeigenvector� k
�

���

k(s1) �

�

k(s2) ���������

�

k(sN ) �

T
. The eigenvectorsconstitutean orthonormalbasissuchthat

�
	

�

k(s)
�

l (s)ds ���

k � l , where �

k � l
� 0 for k 


� l and �

k � l
� 1 for k � l . Diagonalising

� in thisbasisweget,

�

���

F � F
�

T
F

���

�

�

T
�

�

R � R
�

T
R � (1)
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whichcorrespondsto adecompositionof theY(t) processas

Y(t) � YK (t) �

� (t) � (2)

whereYK (t) and � (t) are two zero meanuncorrelatedstochasticprocesseswith cov-
ariancematrices�

�

�

T and �

R � R
�

T
R. HenceY(t) isdecomposedinto alarge-scale

processYK (t) anda smallscalebackground process� (t). From a physicalpoint of
view YK (t) describesthemostdominantmodesof thewind �eld. Below avectorAR
process(VAR)will beusedto describethepropagationof YK (t).

Since
�

isadiagonalmatrix,YK (si ; t) canbeexpressedas

YK (si ; t) �

K
�

k � 1

ak(t)
�

k(si ) �

whereE(ak(t)) � 0 andCov(ak(t) � al (t)) �

� k if k � l and0 if k 


� l
�

t. In matrix
notation

YK (t) � � a(t) � (3)

where columnk in theN � K matrix � is equalto � k � k � 1 ��������� K anda(t) �

�

a1(t) �������
� aK (t) �

T
with physicalunit meterspersecond.

The smallscaleprocess� (t) is assumedto beisotropic in space,anassumption
discussedin Section4.2. Further we assumethat Cov( � (si ; t) ��� (sj ; t ��� )) � 0 if

� 


� 0,
�

i � j ; anassumptionthatmakes� apurelyspatiallydescriptivecomponent.
Notethat thespatially�x ed � 'shave timevaryingimpactthroughthea(t) coef-

�cients. In conclusion,thismodelseparateslarge-scaleeffectsfromsmallscaleeffects
andspacefromtime.

3.2 A vectorautoregressivemodel

For theevolutionof thelarge-scaleprocessYK weassumeanAR(1)process,

YK (si ; t � tp) ���

	 wsi (u)YK (u; t)du �
	 (si ; t � tp) � si 	

�

� (4)

where � (t � tp) isaspatiallynonstationary error processassumedto beindependent
acrosstime. In thissettingit takescareof the formationof new areasin YK (t � tp)
which are not forecastedwith the aid of the previous�eld YK (t). SinceYK (t) is
uncorrelatedwith � (t) we assumethat Cov( � (t) �

� (t)) � 0. The AR(1)-coef�cient
wsi (u) is theweightusedwhenmappingYK (u; t) to YK (si ; t � tp) whichweassume
canbeexpandedby ourbasisfunctionsas,

wsi (u) �

N
�

k � 1

bk(si )
�

k(u) �
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Henceit followsthat

�

	 wsi (u)YK (u; t)du �

�

	

N
�

k � 1

bk(si )
�

k(u)
K

�

j � 1

aj(t)
�

j(u)du

�

N
�

k � 1

K
�

j � 1

bk(si)aj (t) �

	

�

k(u)
�

j(u)du �

Using(3) togetherwith theorthogonalityof the � :sweobtainthefollowingVAR(1)
process,

� a(t � tp) � Ba(t) � � (t � tp) �

where 
 B � i � j
� bj(si ) � i � 1 ��������� N , j � 1 ��������� K. Rearrangingthematricesgives

the�nal expressionfor thepropagationof a,

a(t � tp) � Ha(t) � J� (t � tp) � (5)

where thematrixJ � ( �

T
� ) � 1 �

T is of sizeK � N andthematrixH � JBof size
K � K. Since

�
�

k(s1) �

�

k(s2) ���������

�

k(sN ) � constitutesanorthonormalbasisonecan
makethesimpli�cationJ � �

T. Alsonotethatwewill not makeanycalculationof
B sinceH canbeestimateddirectlyfromdata,seeSection4.3.

3.3 The Kalman�lter

Asaone-step-aheadpredictorYf of Y theconditionalexpectation,

E(Y(t � tp)
� �

(t)) � E( � a(t � tp) �

� (t � tp)
� �

(t)) � � af (t � tp)

is used,where
�

(t) � (Y(t) � Y(t � tp) ������� ). The bene�tsof thespace-timedecom-
positionareevident;to predictY weneedapredictoraf of thea process.Assuming
Gaussiandistributedprocessesin thefollowingstate-spaceequations,

�

a(t � tp) � Ha(t) � J� (t � tp) �

Y(t) ��� a(t) �

� (t) �

(6)

theKalman�lter givestheoptimalupdateandforecastof a. Eventhoughwedo not
intendto makethisdistributionalassumptionaboutY andawewill usetheKalman
�lter to obtaintheforecastaf (t � tp) � E(a(t � tp)

� �

(t)).
Our one-steppredictorof af will be,

af (t) � Hau(t � tp) �
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where au(t) is the updatedestimateof the a process.The KalmangainG(t) is ob-
tainedusingtheconditionalforecastvariancesPf

a(t) � Cov(a(t) � a(t)
� �

(t � tp)) and
Pf

Y(t) � Cov(Y(t) � Y(t)
� �

(t � tp)) as

Pf
a(t)

� HPu
a(t � tp)HT

� Cov(J� � J� ) �

Pf
Y(t) � � Pf

a(t) �

T
� Cov( �

�

� ) �

G(t) � Pf
a(t) �

T
�

Pf
Y(t) �

� 1
�

(7)

The updateau(t) � E(a(t)
� �

(t)) andupdatevariancePu
a(t)

� Cov(a(t) � a(t)
� �

(t))
aregivenby

au(t) � af (t) � G(t)
�

Y(t) �

� af (t) � �

Pu
a(t)

� Pf
a(t) � G(t)Pf

Y(t)GT(t) �

(8)

Theseupdateequationsare the bestlinearpredictorof a andits variancegiven the
availableinformation

�

(t). Whendatais Gaussiandistributedthis coincideswith
theoptimalpredictor.

3.4 Simpli�ed �lter equations

Consideringtheorthonormalityof �

F, i.e. �

T
F

�

F
� I andin particular,

�

T
�

F
� [I [K � K] 0[K � (N � K)]] � (9)

theinverseof thepredictionvariancePf
Y equals,

(Pf
Y)

� 1
���

F

�

(Pf
a)

� 1 0
0

�

� 1
R �

�

T
F

���

FR
� 1

�

T
F � (10)

In practicetheN � N covariancematrix � isestimatedwith ��

�
1
T EET whereE

istheN � T datamatrix(Y(t1) ��������� Y(tT )). Hencethemaximalrankof �� isT � N
implyingthat rank(

� R)<(N � K) andthat the inverseof theblockmatrixR is not
well de�ned. Two methodscanbeappliedto handlethisproblem.Oneis to de�ne

�

� 1
R asadiagonalmatrixwith elements�

�

i � i
�

�

� 1
i � i if � i � i 


� 0 and �

�

i � i
� 0 otherwise,

i � K � 1 ��������� N . Thesecondmethodis to addadiagonalmatrixI � to R, similar
to whatisdonein ridgeregression,cf. Chapter17 in DraperandSmith (1998).

Applyingthe�rst methodit canbeshown that theKalmangainG reducesto

G ���

T
�

by using(9) and(10). In turn, theupdateequations(8) becomes,

au
���

TY�

Pu
a

� 0 �

(11)
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andthesteady-stateforecastvariancePf
Y is,

Pf
a

� Cov(J� � J� ) �
(12)

recognisedastheone-stepaheadpredictionerror variancefor aVAR(1)process.We
referto (11) and(12) asthesimpli�ed�lter equations. For stable�lters a socalled
steady-stateisreachedwhenthepredictionvariancePf

a hasconvergedto a�x edvalue,
seeShumwayandStoffer (2000)p. 327. The steady-statesolution,P, solvesthe
Riccatiequationwhichfor this �lter is (12). Sincethis solutionis obtainedin one
step, thesteady-stateis reachedin onestepandfurthermore theupdate,au in (11),
equalsthe truestatea � �

TY. Also,the lower limit of the predictionvarianceis
obtained;i.e.Pf

Y
��� Cov(J� � J� ) �

T
� Cov( �

�

� ).
In thispapertheridgeregressionmethodisused;i.e.

�

R � R �

c
1000I wherec is

the largesteigenvalueof Pf
Y. By regularisingR we canusethe updateequationsin

(8). Thepracticaldifferencebetweenthetwomethodsisnegligibleandthesimpli�ed
�lter equationsarehelpfulfor theunderstandingof theresultsin Section5.

4 Covarianceestimation

Thissectiontreatstheestimationof thecovariancematricesinvolvedin theKalman
�lter . In Section4.1 different estimatesof � is discussed.Due to (1) the choice
of dimensionreductionwill govern thecharacteristicsof theerror process� andin
Section4.2,accordingto anassumptionon � , asemi-parametricmodelfor Cov( �

�

� )
isdeveloped.Further, thissectionwill shortly treattheestimateof Cov( � � � ).

4.1 Two modelsfor the wind �eld

Themodelfor thewind �eld Y dependson how thecovariancematrix � is chosen.
Twoalternativeswill beused.The�rst oneis to estimate� by theempiricalcovari-
ancematrix. However, sincethis might not alwaysbepossibledueto e.g. missing
data,onecaneitherinterpolatedataandthenestimatetheempiricalcovariancemat-
rix or estimateaparametriccovariancefunctionr andthencalculate� on thegridof
interest.Firstweturn ourattentionto theempiricalcaseandthento theparametric
model.

Without assuminganyspatialstationary characteristics,suchasisotropicity, but
temporalstationarity;i.e. Cov(Y(si ; t) � Y(sj ; t)) � Cov(Y(si ; t � � ) � Y(sj ; t � � )) �

�

�

for i � j � 1 �������
� N , the empiricalcovariancematrix is calculatedas 1
T EET. This

methodworkswhenthedatasetiscomplete.
Whendataareobservedon othergridsthanthemodelledprocess,or in thecase

of missingdata,oneneedsto �nd an estimateof � on the grid of the modelled
process.There are two waysto advisesuchan estimate.Either onesmoothesthe
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originalobservationdatasetin orderto obtainestimatesof theprocesson thegridof
themodelledprocess.Thenonecalculatestheempirical� to obtainestimatesof � ,
cf. Wikle andCressie(1999). The secondmethodis to estimatea covariancefunc-
tion from dataandthencalculatethecovariancematrixon thegrid of themodelled
process.Wewill shortly discussthesecondalternativehere.

Assumingthewind �eld to beasmoothprocesswith oneexistingderivative im-
pliesthatthecovariancefunctionistwicedifferentiable.Further, if the�eld ishomo-
geneousthenr(s1 � s2 �

� ) � r(s1 �

�

� s2 �

�

�

� ) � r( � ), for s1 � s2 	

�

andwhere
�

and � arespatialdistances.In thispaperwewill useanisotropiccovariancefunction
andthenr( � ) � r(

�

�

�

) � r( � ) where �

���

� 1
2

�
� 2
2, theEuclideandistance.

TheGaussianshapedisotropiccovariancefunctionr( � ) �

� 2 exp(� �

2 � a2) which
is twicedifferentiableis acandidate.But asFigure2 shows,thecovariancefunction
needsto haveazero crossingatabout500km. Thereforeweneedanothercandidate.

For ageneralisotropiccovariancefunctionsthespectraldensityR(k) de�nesthe
covariancefunctionas

r( � ) � 2 �

���

0
J0(k � )kR(k)dk� (13)

where k is the (isotropic) frequencyandJ0 is the zero orderBesselfunctionof �rst
kind, cf. Yaglom(1987). Multiplying the spectraldensityR(k) correspondingto
r( � ) �

� 2 exp(� �

2 � a2) with k2a2 � 4 we obtainthe Mexicanhat asa valid isotropic
covariancefunction,

r( � ) �

� 2(1 ���

2
� a2) exp

�	�

2 
 a2
� (14)

This covariancefunction will modelthe desired zero crossingat �

� a. For the
�tted covariancefunctionin Figure2, thecrossinga isestimatedto 565km andthe
standard deviation� isestimatedto 4.66m/s.

4.2 The covariancesof the error processes

In this sectionwe will discussthe background error processes� and � . For these
processesweneedto estimatethecovariancematricesCov( �

�

� ) andCov( � � � ) used
in theKalman�lter equations.

Since � is assumedto beisotropic in spaceandindependentin time its covari-
ancefunctioncanbemodelledby a semiparametricfunctionde�nedbelow. By (1)
theestimateof Cov( �

�

� ) will betheresidualpart of � afterextractionof theprin-
cipalcomponents.According to Daley(1991), � canbeexpectedto containsome
oscillatingtendenciesasFigure 3 shows. Similar to (13), a discretespectraldensity
generatesanisotropiccovariancefunctionas

r � ( � ) �

m
�

j � 1

J0( � fj)yj � (15)
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whereJ0 is thezero orderBesselfunctionof �rst kind, cf. Shapiro andBotha(1991).
Thespectraldensityis by this representationdiscretewith incrementsy �


 y1 �������
�

ym �

� 0 at frequenciesf �


 f1 �������
� fm � . Experimentsindicatedthat the following
choiceof frequenciesf �


 0 � 009� 0 � 0105� 0 � 0120� 0 � 0135� 0 � 0150� shouldbegood
andfor thesethecorrespondingparametervectory wasestimatedto 
 0 � 7368� 0 � 3129�

0 � 4150� 0 � 2691� 0 � 5775� . This �t of a semi-parametriccovariancefunction to the
residual�eld is in agreementwith the residualcovariance�t in Wikle andCressie
(1999).

Usingthe fact that the Kalman�lter requiresCov(J� � J� ) we do not have to
modelCov( � � � ) whichwouldbehard dueto theassumednonstationarityof � . An
empiricalestimateof Cov(J� � J� ) isobtainedusing(5),

Cov(J� � J� ) � Cov(a(t) � Ha(t � tp) � a(t) � Ha(t � tp)) � Cov(a(t) � a(t)) �

Cov(a(t) � a(t � tp))HT
� HCov(a(t � tp) � a(t)) � HCov(a(t � tp) � a(t � tp))HT

�

where H and the covariancesare replacedwith their correspondingestimatesto
rendertheestimateof Cov(J� � J� ). Theempiricalcovariancefunctionfor thea pro-
cess,

�

Cov(a� a), is basedon observationsfrom an arbitrary (long) time period. In
theory Cov(J� � J� ) canbeshown to beequalto

�

� H
�

HT, but basingtheestima-
tion on thisexpressionwill not alwaysleadto anon-negativede�nite estimate.

4.3 Estimationof H

Theestimateof thetransitionmatrixH in theVAR(1)process(5) is extractedfrom
therelationshipCov(a(t � tp) � a(t))=Cov(Ha(t) � J� (t � tp) � a(t)) whichgives

�

H �

�

Cov(a(t � tp) � a(t))
�

Cov(a(t) � a(t))T
�

�

Cov(a(t) � a(t))
�

Cov(a(t) � a(t))T
�

� 1
� (16)

whichrequiresa lot of datato giveagoodenoughestimate.In our case,onemonth
of datagaveagoodestimateof H.

5 Results

In thissectionresultsofapplyingthedimensionreducedKalman�lter to theECMWF
wind �elds are presented.Asdescribedin Section2 theanalysesandforecastscon-
sideredin thispaperarelocatedin

�

� (320� 5 � E � 339� E � 48� 5� N � 57� N ) with a
resolutionof 0 � 5� by 0 � 5� whichconstitutesaregulargridof size38 � 18andatotal
of N � 684points.

Asabasisfor estimationof modelmatricesandpredictionevaluation,datafrom
December1999isused.This impliesthethefollowingseriesof east-westwind �elds
[Y(t1) � Y(t � tp) ��������� Y(tT )], where t1 � 12:00December1, 1999andtT � 06:00
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January 1, 2000andT � 124.At timetn, 6(n � 1) hourspassedsincethetimestep
is tp � 6 hours.Resultsbasedon theempiricalestimateof � , seeSection4.1, are
discussedin Section5.1 andresultsfrom the parametricapproachare discussedin
Section5.2.

5.1 The empiricalmodel

Weestimate� with theempiricalcovariancematrix,seeSection4.1. By usingK �

13modes,95%of thevarianceisdescribedby � k, k � 1 ��������� K. Hencethenumber
of dimensionsare reducedfrom N � 684 to K � 13. The matrix � andthe a
processarederivedfrom � andthesein turn yieldestimatesof Cov(J�

� J� )J andH,
cf. Sections4.2and4.3. Predictionsandupdatesarethencalculatedfor the�rst ten
daysin December1999.

In Section3.4 wesawthat usingthesimpli�ed �lter equations(11) theupdate,
au, equalsthetruestate,a. Hence,theforecastin thiscasewill beonestepbehindthe
truevaluesinceaf (t � tp) � Ha(t). In Figure4 theforecastsaf seemto beone-step
behindthetruevaluesof a andhencetheridgeregressionmethoddoesnot alterthe
forecastlagcharacteristics.

Usingthe simpli�ed �lter equationsimpliesthat the steadystateis reachedin
onestep. ConsideringFigure 5, where the updateandforecaststandard deviations
of au andaf aredisplayed,convergenceis reachedin onestepandweconcludethat
theridgeregressionmethoddoesnot in�uencetherateof convergencesigni�cantly.
Consideringthe predictionvariancesPf , thesedo not differ from the steady-state
predictionvarianceP, marked with “ � ”:s in Figure 5 b). However, the updated
standard deviationsdoesnot becomezero, but coincideaswhenusingthesimpli�ed
equations(11).

Figure6 containstheconvergedupdateandforecaststandard deviationmapsof
Yu

K andYf
K . The low standard deviationvaluesof Yu

K followsfrom thelow valuesof
�

Pu
a �

1
 2
. Theboundary problemcausesthelargervariancesof Yf

K alongthebound-
aries.In thewesternpartsof theareathevarianceisslightlylargerthanin theeastern
parts. This canbe explainedby the fact that new weatherareasformedbetween
two �elds oftenoccurin thewesternpartsdueto thewesternwindsover theNorth
Atlantic.

As an evaluationstepfor the empiricalmodelwe focuson the meanlatitude
(andall longitudes)andcomputethefour differencesY � Yf , Y � Yu

K , YK � Yf and
YK � Yu

K , seeFigure7. Y � Yf is thepredictionerror andYK � Yf theprediction
error of the large-scalecomponent,YK � Yu

K would be zero usingthe simpli�ed
equationsandY � Yu

K is henceanestimateof � . Againweconcludethat the ridge
regressiontechnique,compared to the simpli�ed �lter , doesnot seemto alter the
�lter behaviour.
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In Figure7 a)we�nd thelargestpredictionerror at the84thhour. Thissituation
is detailedin Figure 8. What happensbetweenthe 78th hour andthe 84th hour
is the formationof anareawith strongwindsin thewesternpart of the �eld. This
is a typicalproblemfor a boundedareamodelandbelow we will proposedifferent
approachesto treatthis.

For stableweathersituationsthe �lter works �ne. An exampleof this is the
predictionof the48th hourusingdatafrom the42ndhour, seeFigure9. Whenno
new weather�eldsareformedbetweentwoconsecutive�elds the�lter onlyneedsthe
informationcontainedin the�eld at t to makeagoodforecastof the�eld at t � tp.

5.2 The parametricmodel

Usingthe crossproductsin Figure 2 the parameters( �

� � ) in (14) are estimatedto
(4 � 66� 565).Basedon this,theparametriccovariancematrixiscalculatedandanew
basisiscomputed.To explain95%of thevariancewewill needK � 10components.
Hencethe parametriccovariancematrixhasmore dominanteigenvectorsthan the
empiricalcovariancematrixandthusrequireslesscomponents.(In comparison,the
covariancefunctionr( � ) �

� 2 exp(� �

2 � a2) requires19 componentsto keep95%of
thevariance.)

Figure 10 showsthe standard deviationsof the updateandforecastof the �rst
two a-componentsfor theparametricmodel. Asin theempiricalcasethestandard
deviationswill convergeto constantvaluesaftera few steps.Alsoin this casethe
steady-statepredictionstandard deviationisreached.

Thestandard deviationmaps,seeFigure11,will bedifferentsincewenow usea
different basisto describethe dominantmodes.The standard deviationof the up-
dated�eld will bemoresymmetricalthanitsempiricalcounterpart. Theforecastwill
have largervariancealongthewesternboundariesthanalongtheeasternboundaries
alsoin thiscase.Asfor theempiricalmodel,the�lter doesnot predicttheformation
of strongwindsalongthewesternboundary the84thhour. Theweatherneedsto be
morestablefor the�lter to perform well asin thecasewith theempiricalcovariance
functionestimate.

5.3 Comparisons

We have seenthat we canuseboth modelsfor covariancefunction representation
andhenceit wouldbeinformative with a comparative study. The predictionerror

�

YK (sj ; t
� �

(t � tp)) � YK (sj ; t) � Y f
K (sj ; t) for a modelshouldhave the following

expectationandvariance,E(
�

YK (sj; t
� �

(t � tp))) � 0 andVar(
�

YK (sj ; t
� �

(t � tp))) �

pf
YK

(sj ; t), wherepf
YK

(sj ; t) is the j:th diagonalelementin Pf
YK

(t). The followingtwo
evaluationstatisticsmightbeusedasanobjectiveerror analysisfor comparisonof the
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two methods,c.f. WikleandCressie(1999),

CR1(sj) �

1� T
� tT

t � t1 
 YK (sj ; t) � Y f
K (sj ; t) �

1� T 


� tT
t � t1 pYK (sj ; t) �

1
 2
� (17)

CR2(sj) ���

1� T
� tT

t � t1 
 YK (sj ; t) � Y f
K (sj ; t) �

2

1� T
� tT

t � t1 pYK (sj; t)

� 1
 2
� (18)

where CR1(sj) canbeviewed asa measure of the normalisedpredictionerror and
CR2(sj) is simplythe quotientbetweenthe standard deviationof the residualsand
themodelledpredictionerror. Hence,CR1(sj) shouldbecloseto zero andCR2(sj)
shouldbecloseto one.Themeansabovearecalculatedfor valuesof t suchthat the
standard deviationhasconverged. We computedthe spatialaveragesave(CRi ) �

1
N

� N
j � 1 CRi(sj) for i � 1 and2, seeTable1.

Sincethe optimalcovariancematrix � for the datais the empiricalcovariance
matrix,thestatisticCR1(sj) for theempiricalmodelis expectedto besmallercom-
paredto theparametricmodel.AsTable1 shows,CR1(sj) for theparametricmodel
isalmost100timeslarger.

Sincethevarianceof thepredicted�elds,cf. Figures6b)and11b),andsinceCR2

iscloseto onein bothcases,weconcludethatbothmodelsestimatetheirprediction
variancegoodandin meansquaretheirerrorsarecloseto eachother.

Figure12 showsthat thespatialpatternof ave(CR2) for thetwo modelsaresim-
ilar. In bothcasesweunderestimatethestandard deviationof thepredictionalongthe
westernboundary dueto thewestward wind. At thesametimeasit isoverestimated
in theeasternpartsof the�eld.

6 Summary andfurther research

The modelpresentedis a statisticalforecastingmodelfor near-surfacewind speeds.
Onedrawbackwith this modelis that it is conservative sinceit cannotforecastthe
formationof �elds deviatingtoo muchfrom whatwehave in thepresent�eld. One
couldregard thesenew areasasdraggedinto thelocalareafromoutside.Anextension
to thepresentmodelwouldbeto useaspatialextrapolationschemeto predictwinds
outsidetherangeof thelocalmodelareaandthenusethesein thepredictionof the
next�eld.

Theparametricmodelusedin Section4.1 isnot theonlypossiblemodel.Other
interestingmodelsfor thecovariancestructurecouldbeadvised,suchasamultiresol-
ution model,cf. Nychkaetal.(2002).

Experimentson usingthewind vector�eld (Y1 � Y2), insteadof onecomponent
resultedin a somewhat largerbias.The reasonfor this is that we addmore spatial
informationwhenmore informationabouttime dynamicsis needed.However, it
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is interestingthat in this casethe basisfunctionswill be physicallyinterpretable.
Amongstthedominantbasisfunctionswill bewind �elds describingdominantwind
directions,cyclonesanddilation �elds. This enhancesthe interpretationthat the
weatherisasuperpositionof dominantweathermodes.

Toavoidunpleasantsurprisesin theforecastsanothermethodwouldbeto update
themodelwith measurementsfrom othersources.In this settingthe implemented
modelwill serveourpurposeswell. For differentsourceswewill havedifferentmeas-
urementequationsanddifferent updateequations,but the AR formulationfor the
large-scaleprocessremainsthesame.

Furthermore, we have seenthat the �lter works betterfor smoothweatherde-
velopments.The �lter shouldhencebeableto have lower forecastvariancesduring
periodsof stableweather. Also,sincetheweatherchangeswith high/low pressurethis
suggestsmakingtheKalman�lter ableto switchbetweentwosetsof states.
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Figurecaptions

Figure1: Forecastedeast-westward wind�eld in thearea(320� 5
�

E � 339
�

E � 48� 5
�

N � 57
�

N )
at06:00December3, 1999.

Figure 2: Covariancefunction r( � ) ��� (1 �

� 2 � a2) exp�	�

2 
 a2
with ��� 4 � 66 (m/s) and

a � 565(km) �tted to thecrossproductsin theECMWF datawith spatialmeansubtracted
from each�eld.

Figure 3: Covariancefunction r � ( � ) �
	

m
j � 1 J0( � fj )yj �tted to the valuesof the residual

covariancematrixCov(���
� ).

Figure4: Solid (-) trueaanddashdotted(-.) forecastaf for a)the�rst, b) thesecond,c) the
third andd) thefourth coef�cient.Hourdenotesthenumberof hourspassedsincet1.

Figure5: Thestandard deviations,in a) � Pu
a �

1
 2 andb) � Pf
a

�

1
 2. Solid linesarefor the�rst
componentandthedash-dottedfor thesecondcomponent.In b) ' � ' marksthesteady-state
forecaststandard deviation.Hourdenotesthenumberof hourspassedsincet1.

Figure 6: The standard deviationof a) theupdated�eld Yu
K andb) the forecasted�eld Yf

K
whentheKalman�lter hasconverged.

Figure7: Differencesa)Y � Yf , b) Y � Yu
K , c)YK

� Yf andd) YK
� Yu

K for themeanlatitude
(notethe differencein scales).SeeFigure 8 for a detailedpicture of the 84th hour. Hour
denotesthenumberof hourspassedsincet1.

Figure 8: In this setof �gureswe focuson the 84th hour whenthe predictionfails. The
informationY(78) (topleft) uponwhichwe computethe forecastYf (84) ��� af (84) (top
right) doesnot containanyinformationaboutthe weatherto appearin the southwestof
Y(84) (down left). This is the reasonof the largedeviationat the84th hour in Figure7 a).
However, dueto theperfectupdateYu

K (84) (down right) is agoodapproximationof Y(84).
ThisperfectupdateexplainswhyFigure7 d) iscloseto zero.

Figure9: TheKalman�lter worksbetterfor stableweathersituations.In the �guresabove,
theinformationY(42)(topleft) uponwhichwecomputetheforecastYf (48) ��� af (48)(top
right) isenoughto getagoodapproximationof thetrue�eld Y(48)(down left)

Figure 10: The standard deviationsof a) the updatesandb) the forecastsof a1 (solid)and
a2 (dash-dotted)for theparametricmodel.In b) ' � ' marksthesteady-stateforecaststandard
deviation.Hourdenotesthenumberof hourspassedsincet1.
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Figure 11: The standard deviationof a) theupdated�eld Yu
K (t) andb) the forecasted�eld

Yf
K (t) whentheKalman�lter hasconvergedfor theparametricmodel.

Figure12: TheevaluationstatisticCR2(sj ) for a)theempiricalmodelandb) theparametric
model.
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Model ave(CR1) ave(CR2)
Empirical � 1 � 2 � 10� 3 0.90

Parametric 9 � 7 � 10� 2 0.87

Table1: Evaluationstatisticsfor predictionerrors.
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